YTBEPKIAEHO

Il atan
9— 13 ansapsa 2017 zoda

8 Kaacc
[Tepsoili derb

1. leficTBHTENbHBIE UHCA @, b, ¢ TAKOBbI, YTO BBLIMOJHEHO HEPABEHCTBO

a+2b—c+b+2c—a+c+2a*b
a+b b+c c+a

=0

JlokaxkuTe, 4TO cpefiy unuces a, b, ¢ xotd Gbl OAHO YHCJIO OTPHLATEJBHOE.

2. [Tpo HaTypanbHOe YHCJI0 N H3BECTHO, UTO UHCJIO BCEX ero HaTypaslbHbIX AeJH-
Tesiefi paBHO 3, 4 UMCJIO BCeX HATYpa/bHbIX [EJIMTeNIeH uieaa n — 1 paBHoO 2.
HaliuTe YHCI0 BCexX HaTypa/bHBbIX JeuTeneit uncaa n® — 1.
(K HaTypasibHBIM JIeJIMTeISIM HATyPaJIbHOIO YHCJIA IPHYHCASIOTCS 1 | CaMo YHCIO.)

3. Jlan paBHOGeApeHHbIil NPAMOYro/bHLI Tpeyroibuk ABC ¢ mpsMbIM YIJIOM
npu Bepunne B. Ilyete M u N — cepenbl ero ctopod AC BC coOTBeTCTBEH-
Ho. Ha nponosmkenun otpeska M B 3a Touky B oTMedeHa Touka X TaKas, 4To yroa
ANX pasen 90°. :

Haitaure yrabl Tpeyroabiika AN X.

4. Ha cTeHe B psill BUCAT N J1aMIIOUEK, BHAUa/e OHH BCe BhIKIOUeHbl. Boasie kax-
10/ TAMIIOYKH €CThb NepeKJoyaTeb, NPH HaXKaTHH Ha KOTOPbIH MepekJioyaeTcs 37a
IAMIIOYKA H BCe, pacrosioxeHHble npasee Heé. Mamua u Cepéxa HrpaioT B Urpy: OHH
o oyepey BbIOHPAIOT NepeKIioyaTesb H HAXKHMAIOT HAa HEro; NPOHIrpbIBAET TOT, N0~
cJie X0/1a KOTOPOro COCTOSIHHE JIaMIOY€eK MOBTOPHTCS, T.€. CTAHeT TAKUM, KaKHM OHO
yxKe Koraa-au6o 6p110 10 3TOro (BKJOUYas H Haua/lbHOE COCTOAHHE JNaMMoYyex ).

KTo BbIMrpaeT NpH MpaBH/bHOH HIpe, eCJH NepBok HaUHHAET Mawa?

MoNB30BaTLCA KANBKYNATOPOM HE PaspPelaeTCA.
Bpems pabotei: 4,5 Haca



YTBEPKAEHO

pecnyGJHKAHCKOH OJNHMIHANLLI

sauua-Pecnybauku benapych

Il aTan
9 — 13 ansapa 2017 zoda

9 kaacc
[Tepsouii deno

1. Jlns HaTypaJbHOro ykcaa n yepes d(n) o603HaYHM KOJIMYECTBO BCEX pasfyy-
HbIX HAaTypaNbHbIX AeJHTesel yuca n (BKaovas 1 H n).
Haiinure Bce HaTypasbHble N, LIS KOTOPbIX BbIMOJHAETCA PABEHCTBO

d(n) +d(8n +1) = 5.

2. Jlaubl n HaTypa/bHbIX udces. M3 HHX coCTaBHIIH BCe MOoMnapHble CyMMBI. Cpenn
MOJIyYeHHBIX CYMM Z OKa3a/IMCh YETHLIMH H y — HEYETHBIMH.

T
okaxkure, uTo T + 3 2.

3. B npsimoyrosibHom Tpeyronbinke ABC (£C = 90°) Toukn K u L — TOUKH
KacaHHsi BIMUCAHHOl B HEro OKPY»HOcTH co ctopoHaMd AC u AB c00TBETCTBEHHO.
Ha npsimylo K L u3 Touek C u B onyiuens! neprenankynspsi CM u BN.

Haiimure oTHOLIeHHs cTopok Tpeyroashuka ABC, ecimn MK + LN = KL.

4. Ha creHe B psj BUCAT n JlaMMouekK, BHauaJjie OHH BCE BLIKJIOUEHDI. Boane kax-
J10i1 TAMIMOYKH eCTh 1Ba NepekJiouaTes: BepxHHil  HHIXKHHA. [1py HaxkaTHH Ha BepX-
HUI MepeKoyaTe/b NepekaoyaeTcs 3Ta JaMnouka v BCe, pacrofoMmeHHbie TpaBec
He&, a NPH HAXKATHH HAa HUXKHHH MepeKJIioyaeTcs 3Ta JJaMnoyuka H BCe, pacroJoxKeH-
Hbie JeBee Heé. Maula u Cepéxa UrpaioT B Urpy: OHH N0 OYepelH BHIOHPAIOT nepe-
KJI0YaTe b H HAXKHMAIOT Ha Hero; MpOMrpbiBaeT TOT, MOCJIe X0/1a KOTOPOro COCTOAHHE
JIAMIOUEK MIOBTOPHTCS, T.€. CTAHET TAKMM, KAKHM OHO YKe Koraa-/0o Obijio 10 3T0ro
(BKJIIOYAs H HAYa/IbHOE COCTOSIHHE JIAMIOYEK ).

KTo BLIMIpAeT NpH NpaBUILHOM Hrpe, ecii Malla HauMHaeT nepBoit, HO OHa MOMKET
HAXXMMATB TOJIbKO Ha BepXHHe nepekoyarest, a Cepéxa Ha moobie ?

MoAL30BaTLCA KANBKYNATOPOM HE Pa3pelwaeTca.
Bpemn pabote: 5 4acoe
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LXVII Benopycckas matemaTuyeckas 0nMMNNAA3a WKONbHWKOB
[l aTan

9— |3 ansapsa 2017 eoda

10 karace
[TepseLii derb

1. Ins HaTypaJbHOro yneaa n yepes d(n) o603HAYHM KOJHUECTBO BCEX pasjiuy-
HBIX HaTypaJbHBIX feJHTeNel yucaa n (BKaoyas 1 v n).
Haiinure Bce HaTypadbHbie 7T, 1151 KOTOPLIX BBIMOJIHAETCA PABEHCTBO

d(n) + d(56n + 1) = 5.

2. [leficTBUTENbHBIE YUCAA a, b, ¢ TAKOBbI, YTO @ > b > ¢ H BbINOJIHEHO paBeH-
CTBO

a—b+b—c+c—a_ 3
Bes i g e
HokaxKuTe, uTO

(b—c)® > 4(a —b)°.

3. Toukn A;, By u C, — cepenunbi ctopon BC, CA u AB tpeyronbhuka ABC
cootercTBeHHO. Ha croponax AB; u AC) TtpeyroibHHka AB;Cy BO BHEWIHIOW
CTOpOHY mocTpoeHbl KBanpathl AByEF u AC\GH c0OTBeTCTBEHHO. [Myets AD —
BbicoTa Tpeyrosibiuka ABC.

JlokakuTe, 4to TOYKH Ay, D, G u E nexar Ha OHOH OKPYHOCTH.

4. B psa 3amicaH HaGop HX n UKced, Kaxioe H3 Kotopuix pasusiercs 0, 1, 2 nam 3.
JIéwa 1 MulLia HEpPaloT B Hrpy, eNas X0kl 10 oyepe/d. 3a OIUH X0/ MOXKHO BbIGpaTh
Mo60e H3 JaHHBIX YHCeN H NPUOABHTL K HEMY, @ TaKXKe K KaXKI0My H3 HHCe] npa-
Bee HEro, OJHO U TOXKE LieJ10e YHCIO0 (115 pa3HbIX XOI0B NpHGaBifeMble YHCIa MOTYT
6bITh Pas/HyHbl ); 10CJE ITOTO BCE MOJyUeHHbIe YMC/Ia MEHSIOTCS HA UX OCTATKH MpPH
nenenuu Ha 4. [TpourpbiBaeT TOT UIPOK, MOC/IE X04a KOTOPOro NOBTOPHTCA YNOpAA0-
yeHHbIH Habop 4HCes, KOTOPbIA yXKe BCTpeyascs Koraa-iau6o 10 3TOro (BKJIHOUASA H
HaYaJbHbIA Habop uyHcen).

Kto BbIMrpaeT npH NpaBHALHOH HIpe, €CJIH NePBbIM XOAHT JIéwa?

Monb30BaTECA KaNBKYARTOPOM HE PaspellaeTca.
Bpema pabotei: 5 4acos



YTBEPPK/EHO
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11 kaacc
lTepevtii deno

1. Jlns HaTypaJbHOro 4ncaa n yepe3 d(n) 0603HAYUM KOJIHYECTBO BCEX PA3JIHY-
HbIX HAaTypaJibHbIX fesHTeNel yncaa n (Bkaoyas 1 u n ).
HafinuTe Bce HaTypadbHbie 1, JJis KOTOPBIX BhIMOJHAETCA PABEHCTBO

d(Tn) +d(8n +1) = 7.

2. TMonapHo pasJHYHbIE NONOKHTENbHbIE IEHCTBHTE/IbHbIE YHCIA a, b, ¢ TaKOBHI,
YTO BLIMOJIHEHO HEPABEHCTBO ;
a+b b+c c¢c+a b—c c—a a-b
- - < - + .
b—¢ c¢c—a a—b a+b b+c c+a

JlokaxuTe, 4uTo
a+c b+a c+b
- +

c-b ‘a—=e b—a}gl'

3. B octpoyronbHom TpeyroabHiuke ABC yron ZCAB B 1Ba pa3a GoJblie yria
ZBCA. Tlyetb A, — OCHOBaHWe BLICOTbI, ONYLUEHHO# H3 BeplIHHLI A, a M —
cepeanta ctopoHbl AC. Ha cropone AB BbiGpana Touka Cj, Takas, YTo npsMble
AA,, BM u CC, nepecekaioTcs B OHOH TOUKE.

JlokaxKuTe, 4To TouKa M, 0CHOBaHMe NepneHAHKYJIApa, OMyIeHHOro H3 TOYKH A
Ha npamylo A;Cj, ¥ TOUKa nepeceyeHnsi MeanaH Tpeyronbuika AC)A; Jiexar Ha
OIHOH MPAMOH.

4. YKuTenn KopoJieBCTBa HCTONb3YIOT angasut 13 2016 6yks. Haspanue Kax/0-
ro 3 448 ropoj10B KOpOJI€BCTBa COCTOUT H3 6 pasiHuHbIX GyKB. JIloOble 1Ba ropoja
coeiHHeHbl Mex<1y co60/ TAKHM KOJIMYECTBOM [0POT, CKOJIbKO 00LUMX OyKB BCTpeya-
eTCH B HX HAa3BaHHAX.

JlokaxkuTe, UTO KAKHE-TO [IBa ropojia CBA3aHbl He MeHee YeM JIBYMS Pas/IHYHbIMH
MapiipytaMHu 6e3 oOLUMX A0pOr.

Mone30BaTECA KaNLKYNATOPOM HE Pa3pelaeTcs,
Bpema paboten: 5 wacoe



LXVII Benopycckan matemaTnyeckas ONMMNUAA3 WKOALHNKOB

Il aTan
9 — 13 ansapsn 2017 z00a

Pewenus
[lepeaeiil Oerb

8 kaacc

8.1. IpeanonioiKuM, yTo BCE TPH uHcaa a, b, ¢ HeoTpHuarenbhbie. [lpeoGpasyem nanmoe B
YCINOBHH HEPABEHCTBEO. MHEEM

a+2b-c+b+zc-a. c+ 2 —b
a+b b+e c+a

206 <

a+b+b—¢c b+ec+c—a c+a+a-b
da + 26 —
a+b b+e c+a

b—e c—ua a—>b b—¢c c¢c—a a-b
1+ ——+1 e + + =
a+b+ +b+c+ +c+a a+b b+c c+a

[Mockonbky cymma Tpéx unces He MeHblle 3, TO N0 KpaiiHell Mepe 0lHO H3 HHX He MeHblue 1. [lyets,

1+

HanpHMep,

5 ;
p—- = 1. Torna b—c = a+b, oTKyaa —c = a, 4TO BO3MOXHO, B CHJIY HEOTPHLUETEIb-

HOCTH @ H ¢, JIHIL NPH @ = ¢ = 0. OnHako nocaefHee PaBEHCTBO HEBO3MOXHO, TAK KaK CyMMa
a + ¢ CTOWT B 3HaMeHaTene TpeThed Apobn HepaBeHCTEa, AAHHOTO B YCJIOBHH.
=14

= 1.
b+e e+a
Takum o6pasom, 1o kpaiineil mepe 04O W3 uncen a, b, ¢ OTpHLATENbHOE.

8.2. Oreer: 4.

Ilns HatypansHoro uiena n yepes d(n) 0603HaYHM KOJHYECTBO BCEX PA3NHYHLIX HATYPANbHBIX
neantenef yucna no (Bkaoyas 1 v n ).

3ameTHM, YTO YHCJI0 HaTypaibHLIX AeanTened yneaa 1 pasHo 1 (T.e. d(1) = 1). lanee, pasex-
T80 d(n) = 2 BHLINOAHAETCA TOFAA H TONBKO TOTAA, KOFA@ n — npocroe uncao. JleficTeurensHo,
eCJH M = p, Tle YHCJIO p MPOCTOE, TO y HEro POBHO ABa PasfuuHbix Aeantens: 1 v p. Ecau xe
T COCTaBHOE, TO Y HEr0 HE MeHee TPEX Pas/HyYHBIX AeauTened: 1, n W KaKoi-HHOYAb NpocTo Ae-
JHTeNb yicena n. .Haxowrew, paseHctBo d(n) = 3 BHIMOAHAETCA TOMA H TOJbKO TOrAA, KOTAa n —
KBaipaT NpoCcTOro Ynca. JeficTBHTeNbHO, eCAIH n = p?, TIe YHCAO P NPOCTOE, TO Y HEro POBHO TPH
pasanuHbIX deantens: 1, p u p®. Ecau e n He sIBNAETCA KBaApaTOM MPOCTOro YHcaa, To anbo
n = 1, 1160 n npoctoe, 6o n = pk, rie p — NPOCTOE YHCAO, k — HATYpaLHOE YHCIO, OTIHY-
Hoe oT p H Goabluee 1. B nepsbix AByX cayyasx, Kak nokasano suiwe, d(n) < 2. B nocaeanem e
Clyqae y YHC/A T He MEHee YeTHIPEX pasJinuHbiX aenuteneit: 1, p, k u n.

[Tepefiném K pelwenHio sanaud. [TycTe n — HCKOMOE UHCAO. Ye0BHE 331844 PABHOCHNLHO pa-
BeHcTeaM d(n) = 3 u d(n — 1) = 2. 3T paBeHCTBa COMACHO CKAa3aHHOMY BhlllIe PABHOCHJbHBI
COOTBETCTBEHHO PABEHCTBAM: M = p°, FAE YHCAO p NPOCTOE, H n — 1 = g, TJie YHCAO g NPOCTOE.
Taxkum oGpasom, HMeeM pasencTso p> —1 = g, uan (p—1)(p+1) = g. Ecan p — Heuérhoe npoctoe
YHCJIO, TO Kax<0e H3 uucen p—1 ¥ p+1 fenuTcd HAa 2, a 3HAYMT, YHCAO g AEAHTCH Ha 4 HNO3TOMY
He MOKeT ObiTh NPOCThIM YHcaoM. [ToaToMy yHeao p AOJMKHO GbITh YETHLIM NPOCTHIM YHCAOM, T.€.
p = 2. B stom cayuae nonyuaem: g = (p—1)(p+1) = (2—1)(2+ 1) = 3 — uncao npoctoe. Hrax,
HCKOMOE YHCJIo 1 = 4.

AHanorMyHo paccMaTpHBAKOTCA CAyyaH



Tak kak-n =410 72 —1 =42 —31 =16 —1 =15 = 3- 5. Uneao 15 ¥meET POBHO HETLIPE
pasnMuHBIX HATYPaNbHbIX AeauTens: 1, 3, 51 l5. ;
8.3. Oteer: ZANX = 90°, ZXAN = LAXN = 45°.

Coensnnm Toukn M u N. Orpesox MN — cpeanss NHHHA TPEYTOABHHKA ABC, nostomy
MN || AB, utoraa £ BNM = 90°. [Moayuaem paBeHCTBO YINOB!

T ZBNX=90°-ZLBNA=LANM.

: deno Takwke, uto Z MBN = £BMN = 45° nostomy £ZXBN =
\N 135° = Z AMN. Tak kax MN = BN (kax kaveTbl B NpAMOYTOJIbHOM
tpeyrosbiuke BNM c 0CTPLIMH YTNaMH NO 45° ), TO 3aKN104aEM, YTO TpE-

A M C yronsHukH BNX u ANM paeHbl NI0 CTOPOHE H NPHNENKALLHM yTIaM. O1-
ciona caenyer, uto AN = XN, Tak 4To TPEYrONLHHK ANX pasnoGen-
PEeHHBIA H, NO YCAOBHIO NpAMOYTONLHBIA, C YrilaMH 90°, 45°, 45°.

8.4. Orgert : Buirpaer Mauia.

IMoxaem, uto, ecaiu Mawa biGepeT HEKOTOPLIA BEIKNIOUATENb H GYIeT KAKABIA pa3 HAXKHMATD
TONBKO HA HEro, TO OHA BLIUTPAET HE3aBHCHMO OT JEHCTBHH CepémxH.

Kas10My NOJI0KEHHIO JaMNOYeK NOCTABHM B COOTBETCTBHE NONOKEHHE, KOTOpOE noJy4aerca H3
Hero nocie Toro, Kak Mawa HaXMET BuiGpanHbif BhIKAKOYaTE b, [1pH 5TOM BCE BO3MOMXHBIE MO0~
JeHHs NaMnoyeK pasoObioTca Ha napel. KamibiM CBOHM XO10M Mawa noayyaer nooxKeHHe, napioe
K TeKyliemy nofoxenHo, a Cepéxe NPHXOAHTCH nepeiiTH K NON0KEHHIO, Y KOTOPOro NapHOTo el
He 6uino. CrenosaTenbro, Calua Beerna MOXKeT CleaThb CBOA X0 He NPOHIPag, H, NOCKONBKY HIpa
3aKOHuKTCA (X008 He Gosblue 2" — 1), OHa BeIWIPaeT.



9 xaacc

9.1.01ee: n=3 u n=10.

3aMeTHM, 4TO AJf HATYPANLHOTO YHCAA T paBeHCTBO d(z) = 1 BO3MOMHO TOJBKO B C/yyae
z = 1. Nanee, d(x) = 2 Torma W TONbLKO TOTAa, KOrla £ — NpOCTOe 4yHeno, a d(z) = 3 Torna H
TOJILKO TOrAa, KOrAa T — KBaApaT NpoCTOro YHCAa.

PaccMoTpHM paBeHCTBO H3 YCNOBHSA 3a]auH

d(n) + d(8n+1) =5. (%)

Tak kak 8n +1 > 1, 10 d(8n + 1) > 1, a 3HayuT, MOTYT NPEACTABHTLCA JHILDL CAEAYIOLIHE TPH
cayuas: nubo d(n) = 1, mibo d(n) = 2, au6o d(n) = 3. PaccMOTPHM Kablii H3 HUX OTAENBHO..

1) Ecan d(n) = 1, 0o n = 1, a anaunr, d(8n + 1) = d(9) = 3. Crano GuiTs, B 3TOM cayuae
PABEHCTBO (%) HE BHINOJHAETCH. '

2) Ecan d(n) = 2, To 3T0 03Hayaer, 4To YHCAo n sBaseTca npocTeiM. M3 paBencTtea (*) B 3TOM
cayyae noayyaem, uto d(8n + 1) = 3, a snauut, 8n + 1 = ¢°, rae ¢ — npocroe yucao. OyesnaHo,
4YTO YHCAIO g HewETHO, T.e. ¢ = 4k + 1. Torna 8n = (4k £ 1)2 — 1 = 4k(4k £ 2) = 8k(2k £ 1), un
n = k(2k £ 1). 10 paBeHCTBO, NOCKOALKY 1 MPOCTOE, BOIMOXKHO TONLKO B cyyae k = 1. Hncno
n=2k+1=2-1+1 n0MKHO GbITb NPOCTLIM, YTO BO3MOXKHO, TONLKO EC/H B NOCAENHEM PABEHCTBEE
BeiGpats 3HaK natoc. Torna n = 3 — yHcAo NpocToe, aTaK KaK HuMCNo g =4k +1=4-1+1=3
npocToe, TO B cyyae 2) noJyuaem pelueHne n = 3.

3) Ecau d(n) = 3, To n = p?, rne p —npoctoe ykchno. M3 ypaBHenns (*) noayuaem d(8n+1) =
2, a sHauut, 8n+1 = g, rue g — npocroe yncno. Mrak, imeem papeHcTBO ¢ = Ep?+ 1, u3 KOTOpOTO,
B YaCTHOCTH, BHIMM, 4TO g > 9. 3anwwem 310 paBeHcTBO Bue g = 9p° — (p— 1)(p+1). 3ametnm,
yto ecii p =3k %1, Touncno (p—1)(p+1) neautcA Ha 3, a TaK Kak ¢ 2 9, TO g He MOKeT ObiTh
npocTbiM. [T09TOMY €IHHCTBEHHBIM 3HAYEHHeM p, NPH KOTOPOM YHCAO ¢ MOXKeT GhiTb NMPOCTHIM,
apnaercs p = 3. Torna neficteutensho, g = 8p° + 1 = 8- 3% + 1 = 73 — npocroe yucao. Takum
o6pa3om, noJyyaeM el ofHo peluenie ypasHenns (): n=p* =9.

9.2. INycTb cpenu AaHHBIX 1 YHCEN BCero a Y€THbIX H b HeuéTHuix. Torna a + b = n. HUrobw
NOMY4HAACH YETHASA CYMMa HYXKHO B3ATh JHOO0 NBa YETHEIX YHcna, TGO ABa HeuETHBIX uHcaa. Jlerko

ala—1
NOJACYHTATS, YTO KOJHYECTBO PASJIHYHBIX NAp YETHBIX YHCEN H3 a YHCEN PaBHO {T) , @ nap Hs3
b(b—1 ala—1) bb—1
%.Tﬂrﬂaxz {2 }+ ( )
B3ATb YETHOE H HeudTHoe yHeao. Beero cnocobor Beifipats Takyio napy Oyner ab. Torna

HEYETHBIX — . Uto6bl noay4YHaack HEYETHAR CYMMAa HYHHO

n_ala—1)  bb-1) at+b a4+ ¥
1r+§-—-2+2+2—2?

> [HepaBeHCTBO 0 cpeaHeM apH(METHYECKOM H CPellHeM reoMeTpHyeckoM] 2 ab = y,

YTO H TpeGOBANOCH 10KA3aTh.

93. AC:BC:AB=3:4:5.

[Tyets T — Touka Kacauus BnUcaHHoM B TpeyroasHuk ABC oxpyxHocTy co ctopoxoit BC.
Torna B cuay paBeHcTBa KacaTeabHsX K okpyxuoetH AK = AL =u, CK = CT =v, BL =
BT = w. Toctpoum seicoty AP Ttpeyroabhuka K AL, Torna, B CHlly paBHOOENPEHHOCTH 3TOr0
Tpeyronshika, KP = PL = z. Tlyere MK = z, LN = y. Ouenano, yto AKAP ~ AKCM
H ALAP ~ALBN (nongym yrnam). INostomy

oAy
z

w
z : U

3 BT vt o0 S



Mo ycnoskwo x + y = 2z, Toraa

y o EEENT
=

2

W e

ChaenosaTellbHO,
BC =v+w = 2u, AC=u+v£u(1+§), AB=u+w:=u(1+§).

Mo Teopeme [1udaropa

T, 2 : 2
AB? = AC? +BC? += u?(1+§) =u2(1+§-) +au? =
(y+2)% = (z + 2)% + 42° e P +z+ 2 =2" + 22+ +42°
(i —2?) + 2z(y—z) =42 <= (y—z)ly+ T+ 27) = 42°.

[MockonbKy No yCNOBHIO T 4y =2z, TO y —T = 2, OTKYAA Y = 3z/2, z = z/2.
Takum o6pazom,

AD’:BC:AB=u(1+E):2u:u(]+§)=(1+%):2:(1+g)=3:4:5.

9.4. Oreer: puurpaer Mawa.

[Mokaskew, 970, ecin Malua BLGepeT HeKOTOPBIA BHIKITIOYATeb H OYIET Kaxbli pas HaXHMaTh
TONLKO Ha HETO, TO OHa BBIMIPAET He3aBHCHMO OT AEACTEHH Cepéxn. v

Kaskaomy NOAOMKEHHIO JaMNoueK NOCTaBHM B COOTBETCTBHE NONI0IKEHHE, KOTOPOE MOy aeTca 13
Hero nocJie Toro, Kak Malua HaMET BrGpaHHbiil BeIKMouaTeb. [1pH 3TOM BCe BO3MOJKHBIE 1010~
KeH!A NamMnouek pazobbiores Ha napbl. KaibiM CBOHM X0A0M Malua nosyyaert noJoMxenne, napHoe
K TekylLeMy TIo/I0KeHHI0, a Cepéxe NPHXOAHTCS nepediTH K NOJOKEHHIO, Y KOTOPOro NapHOro el
ne 6bw10. CenosaTentHo, Maia Bceria MoKeT Cenath CBOi X0/ He MPOHPas, H, NOCKOJLKY HIpa
3aKoH4YMTCA (X0A0B He Gonble 2™ — 1), OHa BHIHIPaeT.



10 kaacc

10.1.Otee:n=11n=23.

3aMeTHM, YTO /sl HATYPAJbHOrO YHCcAa T paBeHCTBO d(z) = 1 BO3MOXKHO TOJIBKO B CJyyae
z = 1. Jlanee, d(z) = 2 Torma ¥ TONLKO TOrAa, KOrna T — MPOCTOE YHCAO, a d(x) = 3 Torma
TOMBKO TOMAA, KOMAa x — KBaApaTt NpocToroe yHena.

PaccmoTpsm paBeHCTBO H3 YCJ10BHS 3a81auH

__d(n) +d(56n+1) = 5. (*)

Tak kak 56n + 1 > 1, 7o d(56n + 1) > 1, a 3Ha4HuT, MOIYT NPEACTABHTHCA JIHIIb CISLYIOILHE TPH
cayyas: au6o d(n) = 1, aubo d(n) = 2, nubo d(n) = 3. PacCMOTPHM KasKAbIA H3 HUX OTAENBHO..

1) Ecan d(n) = 1, To n = 1, a 3naumt, d(56n + 1) = d(57) = d(3 - 19) = 4. Crano GuiTh, B
3TOM CJ1yyae paBeHcTBO (*) @BHHMHHETCE.

2) Ecan d(n) = 2, To 310 03Hayaer, 4To YHCA0 n fABAseTCA npocTsiM. M3 pasenctea () B sTOM
cayyae nosyyaem, uto d(56n+ 1) = 3, a sHauut, Sbn+1 = g%, rae ¢ — npocroe ukcao. OueBHIHO,
4TO YHCAIO g HEuBTHO, T.e. ¢ =4k + 1. Torna 56n = (4k£1)* — 1 = 4k(dk +2) = 8k(2k £ 1), nau
Tn = k(2k £ 1). Jlerxo BuaeTs, uto cayuad k = 1 wan 2k+1 = 1 nesoamoxHsl. [losromy, Tak Kak
n — npocroe, MM60 2a) k=7, 6o 26) 2k+1=71.

B cnyyae 2a) nonyvyaem n =2k+1=2-7+1 = 14+ 1, a TaK KaKk n NpOCTOE, TO B NOCAEAHEM
paBeHCTBE HYXKHO BbIOpaTh 3HaK MuHyc{n = 13). Torna g =4k —=1=4-7 — 1 = 27 He ABNAeTCA
NpocThiM uncaoM. [TosToMy B cayyae 2a) peiueHni HeT.

B cayuae 26) noayyaem 2k +1 = 7 u k — npocroe 4ucao. ITo BO3MOMHO TOMBKO, €C/H B
paBeHcTBe 2k + 1 = 7 pri6upaercs sHak naocuTorna k=3. Torna g=4k+1=4-3+1=13
— YHC]IO NPOCTOR, a 3HAYHKT, B cayyae 26) nonyyaem pelnenne n =k = 3.

3) Ecan d(n) = 3, To COracHO 3aMEYAHHIO B Hauaje PellieHHs 3TO 03HAUaeT, 4To n = p°, Tle
p — npoctoe uncao. K3 ypasuenus (*) cnenyer, yTo B ciyyae 3) L0JKHO BHINONHATLCS PABEHCTBO
d(56n + 1) = 2, T.e. uncno 56n + 1 = g, roe g — npocroe ukcno. Torna 56p® + 1 = g. 3ameTnm,
4TO NPH p = 3 ukcno 56p° +1 = 56-32+1 = 505 He aBAsercs npocTsiM. Ecan ke p # 3, 10 yncao
p? —1 neawTesi Ha 3, a 3HAYHT, Ha 3 MenHTCs M uKHcao 56p° + 1, Tak Kak 56p* +1 = 57p* —(p* - 1),
TaK 4TO g He MOXKeT GbiTb NpocThiM yucaoM. [TosTomy B caiyuae 3) pelnenuii ypanenns (#) Her.

10.2, Umeem
a—b b-¢c c¢c—-a a—-b+c—c b—-c+a—-a c—a+b-0b
-3 = + - = + =
b—c ¢c—a a-b b—c c—a a—b
SR 2y b-a—l+5:-:~b——l==
b—c c—a a—b
ga—¢ b—a o¢o=b b—e a—e a-=b
= = X 1
b—c c—a+a—b ﬂz’"a—b b—¢c a-c (1)

a—b a-—
Takkak a > b > ¢, 10 >0n — £ >0 Us HEpPABEHCTBA O CPelHEM ADH(HMETHYECKOM H

0 — G
CPEHEM NeOMETPHYECKOM TOJyYaeM

=]
|

a—b a-c a—b a—c
=0 p
a—¢c b-c¢c a—c b-

—2

_|_

Torna uz (1) umeem

=

o
|

]

=]

2
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3HaK paBeHCTBa B MOJY4eHHOM HEPABEHCTBE BO3MOXKEH JIHLLIb, KOTAA HMEET MeCTO 3HAK paBeHCTBa
B HEPABEHCTBE 0 CpelHeM apHdMEeTHYECKOM H CPellHEM MeOMEeTPHYECKOM, T.e., MPH BbINOJAHEHHH pa-
BEHCTBA

a=b. o—0

g=o e
OnaHako B CHIY YCI0BHA a > b > ¢ nocllelHee paBeHCTBO HEBO3MOXKHO TaK Kak,

a—b a-—c b=—ec a-c
= ;
g—c aG—2C b—¢ b-c¢

Takum o6paszom, okonyatensHo umeem (b — ¢)® > 4(a — b)3.
10.3. B Hauane nokaxem papercTBo £G A E = 90° (cm. pucyHok 1). Tak kak A, By w A,Cy; —
CpelHHe JTHHHH B TpeyroabHuke ABC, 10 4, B, = AB/2, A,C, = AC/2 u
4-"11310 = ..:’.-4101}3 = ZC]ﬂ1Bl = KCAB.

[To yenoeuio AByEF u AC,GH — kBappartel, a 3auut, ;G = AB/2 u BiE = AC/2. Tax
Kak LA B E = 90° + ZCAB = £ZGCyA;, 10 Tpeyronbiikd A1 B1E n GCLA; pasnbl (coraacHo
nepsoMYy NMPH3HAKY PABEHCTBA TPeyroJbHHKOB). [To3TOMY, HMEeT MecTo Liernoyka paBeHcTea

ZGA].E = iGJ‘l]Gj. + lCIAlB]_ + .n{B]_AJE =
=B EA) + LCAB+ £BiAE =
= ZCAB +180° — (90° + ZCAB) = 90°.

Phe. | Puc. 2

Tenepr nokaxem paserctso ZGDE = 90° (cM. pucyHok 2). [eficTBuTensHo, Tak kak BiE L
AC w AB; = B,C, 1o tpeyronsuuk ZAEC paeHoGenpeHHblii ¢ ochoBanuem AC. Chenopareds-
Ho, LB\EC = /B, EA = 45°, a snaunt, ZAEC = %0°. Tak kak LAEC = ZADC = 90°, 10
yetbipexyrofibHHK AEC D — pnucanusiii. [Tostomy, ZADE = ZACE = ZEAC = 45°. Anano-
FHYHO JI0Ka3biBaeTca paBeHcTB0 LG DA = 45°. Takum obpasom, LGDE = 90°.

Taxk kak LGAE = /GDE = 90°, to Touku A;, D, E H G Jexat Ha OJHOM OKPYKHOCTH.

10.4. Oveer : puinrpaer JIéwa.

[Tyere JIéwa 3apasee BuIGepeT NPOHIBOALHYIO MOZHLHIO H HATYPAILHOE UHCA0 1, falolilee 0cTa-
TOK 2 npH aeneHnd Ha 4. [Tokakem, yTo, eciH BO BpeMA HIrpbl KaXAbiM CBOHM xoaoM JI&wa Gyner
NpHOABAATE N K YHCJY, 3aNHCAHHOMY B BLIOPAHHYIO NOZHLHIO H BCEM YHCJ/IaM, 3aNHCAHHBIM NpaBee
HETO, TO OH BLIHFPAeT He3aBHCHMO OT AeACTBHA MHLUH.
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Kax<noft nosuwy B urpe (ynopsnouesHomy Habopy H3 n '-mce.n] NOCTABHM B COOTEETCTEHE NO3H-
LIKIO, KOTOpAs NoayyaeTes Ha Heé nocae xona JIEwH. 3ameTum CHENYIOLIHE CBOCTBA COOTBETCTRY-
IOLLHX NO3HLMA: 1) TaK KaK YHCAO m He KPAaTHO YeThipEM, TO HHKAKas MOSHLHA He COOTBETCTBYeT
camoit ceGe; 2) pasHbIM NO3HLHAM COOTBETCTBYIOT pasHble No3HLHK; 3) 1Ba xona J1&wH crenanHble
NOAPAL He H3MEHAIOT NO3HUHMI0. M3 3THX cBoficTB clesyer, 4TO BCE NOSHLMK Pa36GHBAKOTES Ha Naph
COOTBETCTBYIOIUMX APYT APYTY.

Kaxnpim csoum xonom JI€wa noayyaeT NO3HLKIO, COOTBETCTBYIOILYIO TEK}"IIlEﬁ a Muie nphxo-
IHTCH NepedTH K NO3HLIHK, COOTBETCTRYIOLIEH KOTOPOH el He Gblno. CaenosatensHo, JIéwa scerna
- ———MOMET C/leNaTh CBOH X0/ HE TIPOHFPaB, H, IOCKOAbKY HIPa 3aKOHYHTCA (BCero cyliecTeyer 4™ pas-
JIHYHLIX NO3HLIMHA ), OH BLIHIpaeT.



11 knace

11.L1.OtBe- m=3 un=".

3ameTHM, 4TO ANl HATYPalbHOro YHcAa T paBeHcTBo d(T) = 1 BOIMOMXKHO TOJBKO B Clyyae
= 1. Hanee,” d(x) = 2 TOraa 4 TOJALKO TOFAa, KOTAA T — MPOCTOE YHCAO, a d(x) = 3 Torna u
TOJIbKO TOrAa, KOTAa T — KBaapart npoctoro ukcna. Hakoneu, d(z) = 4 axweb B AByx cayyasx: nu6o
T = pg, TAE p H g — Pa3alHyHble NpoCThe yueaa, iubo T = p°, rae p — npoctoe uneno. Tawxke
“HeC/I0XHO NOKa3aTh, 4T0 PaBEHCTBO d(z) = 5 BO3MOXHO JHUIL B cay4ae T = p, roe p — npoctoe
YHCJO.
[TockoabKky Tn > 1 1 8n+1 > 1, To 06a craraémbiX B paBeHCTBeE

d(7n) +d(8n+1) =7 (%)

Gonbilie eaHuLsl. [1o3ToMy MOTYT NPeaCTaBUTLCA JHILL ClelyloliHe YeThipe ciyyas: aubo d(Tn) =
2, nmu6o d(Tn) = 3, anbo d(Tn) = 4, anbo d(7n) = 5. PaccMOTPHAM KaXKIblA H3 HHX OTAENBHO.

1) Ecan d(7n) = 2, 10 Tn — npocroe uncno, ¥ nostomy n = 1. Torza 8n + 1 = 9, a 3naumr,
d8n+1)=4d(9) =3. CTa.no GbITb, B 3TOM C/y4ae PABEHCTBO (%) He BHINOJHAETCA.

2) Ecau d(Tn) = 3, To uncno Tn sBASeTCS KBaJpPATOM NPOCTOrO YHCAa, H NosToMy n = 7.
Torna 8n+1 = 57, a anaumr, dl[Sﬂ+l] = :i[.ET} d(3-19) = 4. Buanm, yto n = 7 ynoBaeTBOpAET
paBeHCTBY (). ;

3) Ecau d(Tn) = 4, T0O cOrnacHO 3aMeYaHMI0 B Haya/e pellleHMs 3To 03Hadaer, yTo Jxbo 3a)
Tn=T°, 1160 36) Tn=T-p, rie p — oTIHYHOE OT 7 NpocToe YHENo, M3 ypasuenns (+) caeayer,
4TO B cay4ae 3) NOJIXKHO BhINOJHATbCA paBeHcTBO d(8n + 1) = 3, T.e. yncao 8n + 1 L0MKHO ObITh
KBAApaTOM NPOCTOTO YHCIA.

B cayuae 3a) Haxomum n =72 = 49, utorna d(8n+1) # 3, Tak Kakyucao 8n+1=8-49+1
He SBNAETCH KBaAPaTOM NPOCTOro YHCNa.

B caydae 36) n=p nrtorna 8p + 1 = ¢°, rae g — npocroe yucao. M3 sroro paeeHcTea BHIHM,
YTO ¢ — Hey€THOEe YMCIIO, a TaK Kak Jioboe HeysTHoe YHCA0 NpeAcTaBHMo B BHIe ¢ = 4k £+ 1, To
nomyuaem, uto 8p+1= (4k£1)? <= 8p=(4k*1)’-1 =4k(4k+£2) = 8k(2k+1), otkyna
p = k(2k £ 1). M3 storo paBencTBa, TaK KaK p — NPOCTOE YHCAO, OAHO3HAYHO k = 1, a 3HauHr,
p=1-(2-14+1)=3 Hn=p=3. [TosTomy

d{?ﬁ]+d{3n+1)=df?-3}+d{3-3+1}=d(?-3}+d(52}=4+3=f.

ChnenoBatenbHo, 11 = 3 yN0BAETROPAET YPABHEHHIO (*).
4) Ecau d(7Tn) = 5, 1o onHosHauso 7n = 79, a awaunt, n = 7 = 343. CnenosartentHo,
d(8n+1) = d(8- 343 + 1) = d(2765) > 2, u B 3TOM C/ly4ae peleHHi ypaBHeHHs () Her.

11.2. O603HauumM 5 £
+da c
a+c+ ¥

A=c—b a—¢c b—-a
3aMeTHM, 4TO
a+b_a+b-c+c_ a+c b—r::_b—c+a—a_1“c+a
e T b—¢ £ PR L T a+b a+b
AHaNorHYHO NoAyyaem
b+¢_1 b+a c+a ) cHbosadn, GE N _l_b+c
c—a a—c a—b_ AR TS b+c' c+a c+a
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]-IDBTDM}' H3 HEpPABEHCTEA, JAHHOTO B YCNOBHH, noayyaeM

a+b b+c c+a _b—c c¢c—a a-—b
<
b—c+c—a+a—bh‘a+b+b+c+c+a

a+c b+a c+b c+a a+b bt
J = +1- 1= <1- ~hsl sk
TR TR a+b b+e c+a
c+a a+b b+c c+a a+b -b+e
e s e e === A2 )
s a+b b+c c+a “a+b b+‘3+"+“

M3 nepasencTBa 0 cpeaHeM apH(pMETHYECKOM H CPEIHEM FeOMETPHYECKOM ASl TPEX YHCes HMeeM

c+a+n+h b—i-c;a \/c+u-_a+&_b+c_
a+b b+e c+4a a+b b+c c+a

Otkyna A 2 3.

ITokaxem, uto A > 3. JleficTBHTeNLHO, B HepaBeHeTBe A = 3 3HAK PaBEHCTBA BO3MOMKEH JHILb
B CJIy4ae, KOT/a B HCNOJL3YeMOM HepaBeHCTBe O CpellHeM apHMeTHYECKOM H CPelHEM reoMeTpHYe-
CKOM JLIA TPEX YHCEN HMEET MecTO PaBeHCTBO, YTO BO3SMOXKHO JIHLIL NPH PABEHCTBE BCeX TPEX WHCed,
T.e. NpH

¢+ao at+bh btc (1)
: a+b b+e c+a

OnHako, NOCKOJBKY HEPABEHCTBA H3 YCIOBHH 3a1a4H He H3MEHATCA NPH LHKJIHYECKOH 3aMeHe a —
b — ¢ — a, TO, He Hapyluas 0GLUHOCTH, MOXEM CYHTaTh, YTO a — HanGoabluee U3 TPEX uwcea a, b
M ¢, T.e., a > b H a > c (Bce yncaa nonapHo pasannynnl). [Tostomy

b
b+c{a+c u+b}c+

=1, s e =
c+a c+a b+ec b+e

OTKYJa CJieflyeT, UTo paBeHcTBa (1) HeroamoxkHbl. Cnegopartensto, A > 3, uto H Tpe6GoBanoCch 10-
Kasatb.

11.3. lna noKkasatenbCTBa YTBEPKAEHHA 380aUH YCTAHOBHM, YTO CpaBel/IHBa caelylolas

Jlemma. Ecau Ay u Gy — makue snympennue mouku cmopon BC u AC mpeyeonsrura
ABC, coomsemcmeenno, umo npamoie AA; u CC, nepecekaomeca na meduarna BM, mo
npamsie A1C1 u AC napaiteisuo. -

Hokazatensqreo nemmbl. Uepes X 00603Haunm TOUKY nepeceyeHus npambix AA;, u CCi.
I1poBenem yepes Bepwnny B npamyio £ napaanenshyro cropone AC. Ilyete A; w C; — To04-
KH nepecevenun npamod £ c npamMuimi AA; 1 CC) COOTBETCTBEHHO (paccMaTpHBaeMble npambie
nepecexaiorcs, Tak Kak A; # A u C) # C). Tak kax £ || AC, 1o Tpeyroabink AX M nopoGen
TpeyronbHuky A» X B, a tpeyroasiuk CX M — tpeyroabhuky Cp X B. ChenosarensHo,

BA;: MA=BX:XM n BC:MC=BX:XM.

Tak kak MA = MC, 1o BA; = BC,. Tak kak £ || AC, 1o TpeyroasHux AA,C nono6en tpe-
YroNbHHKY A A, B, a 3naunt, BA; : A,C = BA, : AC. Ananornynsim o6pasom ycTanaBJHBaeTcs
cnpaBelMBOCTL paBeHctea BC, : C1A = BCs : AC. CaenosatentHo, BA; : A;C = BC, : G A,
a 3HauuT, npaMbie A;C; H AC napanienbHyl. YTBepileHHe NeMMbl 10Ka3aHO.

Ilycts My — Touka nepeceuenns npamsix BM u A;Cy, a N # Ny — ocHoBaHHA NEPNEHARKY-
JIPOB, ONYLIEHHBIX Ha Npamyo A;C; naTouek A U M CcOOTBETCTBEHHO.TaK Kak TOUKa Nepeceye-
HHA npamMbix CCy 1 AA; npuHannexut meanane BM, 1o A,C, || AC. Caenosatensho, ANN M



— MPAMOYFONLHHK, @ TaKKe crpaBeanuso pasedctso A, M, = M,C,, 1.e. AM; — mennana Tpe-
yronbiuka AC1A;. Tlyets G — Touka nepecevenus npaMblx NAM W AM;. Ilna pewsenus 3anaum
ANOCTATOYHO AOKA38Th, 4TO (G — TOYKA NepeceyeHHA MeauaH TpeyrofibHHka AC)A;, HWAH, IpyrHMH
CJ/I0BaMH, A0Ka3aTb paseHcTBo AG : GM, = 2. Tak kak A; M — MelHaHa B NpAMOYTOJILHOM Tpe-
yroasHuke A4;C, o AAM = MC = MA. Tlostomy, £ZMA,C = £A,CM.

A

C

Tak xax yron ZAMA, aBisieTCs BHelWIHWM A5 TpeyronbHuka MA;C, To LA MA = 2/BCA =
ZCAB. Takum oGpasom, AC, A} M — paexoGenpenHas Tpaneuss ¢ OCHOBaHHAMH AM u C1A;.

. - (A
Tak kak yron ZBAC — octpuift, To AM > C,A;. Cnenopatensho, NC), = A1 N; = Mfm
TTosToMY, HMeeT MecTo paBeHCTBO .

GA  AM-CA _ AM
2 2 SR

MN = MCy + C)N =

Tax kak AM || MyN, 1o Tpeyronshuku AGM u MyGN nonoGubl. CenosarensHo,

AM

11.4. [ins pemenus 3a1auy yCTAHOBHM, YTO CNPABELTHBO CleLylOllee YTBepKIeHHE,

Jlemma. Ecau 8 koposescmse xoauuecmseo dopo2 He MeHblle, HeM KOAUYecmso 20podos, *
mo naldymca 0sa 20poda, ceaszanHuie ne MeHee 0ayma mapupymaru es oﬁtq::fx dopoe.

Hokasareascteo. KonuuecTeo roponos koponepcrea o6o3sayum vepes n. [lokaxem yTsep-
JKOEHHE JIEeMMBI METOI0M MaTeMAaTHYeCKoH HHAYKLUHH N0 KoJHuecTBy roponos. Basa nhaykumn npu
n = 2 npoeepsaerca 3jemeHTapHo. ITpeanonokum, 4To yrBepiKIeHHe JeMMbl J0Ka3aHO NPH KOJH-
YecTBe roOpOAOB PaBHOM T = k, NOKaXKeM yTBEpKIEHHe NJeMMbl N8 n = k + 1. BruiGepeM npous-
BOJILHBIH MOPOJL KOPOJIEBCTBA H OPraHu3yeM CJAedylouIHii NPOLECe: H3 TEKYLUEero ropoia nepeeanm B
paxee He noceulEHHbI rOpo, CBA3aHHLIA JOPOTOH C TEeKYLUIM, H T.1. TaK Kak KoJHYecTBO rOpoaOB
B KOPOJIEBCTBE KOHEYHO, TO OnpeeeHHblfl Takum obpasom npouecc He GyneT npoaoaxarses Gec-
KoHeyHo fnoaro. Pacemotpum nocnennmii nocel@HHbIf ropoj, KoTopbifi 0603Ha4nm yepes A. Ecau
KOJIHYECTBO NOPOT, BRIXOAALLKX M3 ropoja A, He MeHee IBYX, TO HAHIETCH HE HCNOJb30BaHHAA 10-
pora, KoTopas CBA3biBaeT ropod A ¢ HEKOTOPbIM paHee noceluéHHbIM roponoM B. CaenoeaTedbto,
ropona A u B cBa3aHbl He MeHee JByMs MaplupyTamu Ge3 o6wmx aopor. Ecau ke us roposa A
BBIXOAHT MeHee ABYX A0POr, TO HCKJIOYHM M3 PACCMOTPEHHA ropoll A H BbIXOAALLYIO, ObiTh MOJKET,
W3 HEro A0pory, Nocje Yero ropoos octaHerca k, a aopor He menee k. Jlns sapepiuexus noxasa-
Te/IbCTBA JIEMMEI I0CTaTOYHO BOCTIONL30BATHCA NPENNONOKEHHEM HHIAYKUHH. Jlemma noxasana.

JloKaxeM, 4To M3 yC/IOBHSA 3aa4H CNEYeT, UTO KOJNHYECTBO 10POT B KOPOJIEBCTBE HE MEHbILE YeM
KOJIHYECTBO FOPOJIOE, T.e. He MeHblle yem 448, [eficTEuTensHo, NPOHYMEPYEM ropojia YHCAaMH OT
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1 no 448. Pacemorpum Tabanuy paamepa 448 x 2016. B kneTky Tabiuubl Ha nepeceyeHHH CTPOKH
C HOMEpOM i M CTONGLA ¢ HOMEPOM j NOCTABHM KPECTHK, €CJIH B HA3BAHWH rOpoja ¢ HOMEPOM i
BCTpeuaeTca j-aa Gykea andasuTa. Tak Kak Ha3paHHe KaX{A0ro ropoja KOpPOJEBCTBA COCTOMT H3
6 pasnuusblx OyKB, TO ofllee KONHYECTBO KpecTHKOB B Tabauue pasHo 6 x 448 = 2(88. Kamanoh
JIOpore MeAy ropojiaMH B3aHMHOONHO3HAYHO COOTBETCTBYET Napa KPeCTHKOB, CTOALLMX B OAHOM
cronbue. [Tyers B cronbue ¢ HomepoMm j, j € {1,2,...,2016}, CTOMT m; KPECTHKOB, TOTAa KOJIH-
YECTBO Pa3JHYHBIX Nap KPECTHKOB B j -OM cToabLe pasHo mj(m; — 1)/2. OGuwiee koanyectso M
pas.rmq]-lux nap KPeCTHKOB, CTORILAX B KEKQM-ﬂHﬁO OIHOM cToa6iLe TaGaHLE paBHO

R | L m -1
M:ml(ml }+fﬂa{mz }+m+mzms{ 2016 }:
2 2 2
_mi+mi+ ...+ migs— (M +ma+ ...+ M)

. : :

CrpaBeaiHBO HEPABEHCTBO M3 + M3 + . . . + Ml = 5 ﬂl = ——(my +ma+ ...+ mane)®, KoTopoe 0-

Ka3blBaeTcs 1OMHOXKeHHeM Ha 2016 W npHMeHeHHeM HepaBeHcTBa a” + h* = 2ab nocne packpbITHA
CKOGOK H NpHBeAeHHA NoA0GHLIX caaraemulX. Tak Kak my + mg + ... + Mans = 2688, To

1 (26882 1 ((12 x 224)? )
s > Lot pae St =2x2% =44
e ( 2016- 2688) 2 ( T m ) v

a 3HAYHT, KOJIHYECTBO I0POr B KOPONEBCTBE He MEHbLUE KOJHYeCTBa FOPOIOB. YTBepIeHHe 32134l
cJieyeT H3 NPHBEEHHON JIEMMBbI. :

11 T RRNERET



YTBEPKAEHO

ATeJs] OPraHH3aUHOHHOr0 KOMHTETA
Na pecnyGAHKAHCKOH OJHMNHALL
g Pecny6aukn Benapych

P.C. CHOOPEHKO

LXVIl Benopycckas maTemaTuyeckas oAMMNuana WKONLHWKOB

Il aTan
9 — 13 ansapa 2017 200a

8 Kaacce
Bmopoii deno

5. ITo nopore M1, Baosb KOTOPO# CTOST KHJIOMETPOBLIE CTONOb! C YHCAAMH, BO3-
pacTaroLIMMH Ha BCeM NPOTS?>KEHHH B OIHOM HarpasJieHHH, ¢ NOCTOSHHOH CKOPOCTLIO
ABH2KETCs aBTOMOGMIIb. B HEKOTOPbIfi MOMEHT BpeMeHH BOJIMTEJb 3aMETHJI H 3aroM-
HHJI TPEX3HAYHOE YHCJI0 HA KHJIOMETPOBOM cT0/16€e, BO3J1e KOTOPOro OH npoexals (Bce
LHpPbI 3TOr0 Yucaa pa3nuukbl). PoBHo yepe3 3 yaca aBTOMOGHJIb NOPABHAJCA C KH-
JIOMETPOBBIM CTONI60M, Ha KOTOPOM ObIJI0 YHCJI0, 3aNTHCAHHOE TeMH Ke LM(paMH, HO
BCE LIH(PbI NOMEHSIH CBOH MO3HLIMH B 3aMHCH 3Toro uncaa. Eme yepes 3 yaca as-
TOMOOHJIb CHOBA NMOPAaBHAJICA C KHJIOMETPOBBIM CTOJIO0M, HAa KOTOPOM GbIIO YHCJIO,
3arMcaHHOe TeMH Ke UH(paMu, YTo W paHbllle, HO B 3aMHCH 3TOrO YHCJa CHOBA BCE
LHGPbI TOMEHAJH CBOH MO3HLIHH.

Kako#i Mozker GBITb CKOPOCTb 3TOr0 aBTOMOOHIS ?

6. Haiinure Bee napel HatypanbHbix unced (a, b), a 2 b, y10BIeTBOPAIOLIHKX pa-
BEHCTBY .

ab =20 - HOII (a, b) + 17 - HOK (a, b). “

7. Nan napannenorpamm ABCD . PaccMOTpHM BCeBO3MOXKHBIE NapaJienorpam-
Mbl BCEF Ttakwue, uTo:

1) AB=CE,

2) napanaenorpammel ABCD w BCEF nexar B pasHbIX MOJYIJIOCKOCTSIX OT-
HOCHTeNbHO npamoi BC .

JlokaxkuTe, 4TO BCeBO3MOXHbIE TOYKH nepeceueHusi otpeskos AE u DF' nexar
Ha OJTHOH OKPYXHOCTH. .

8. Kakoe Hau6osbluee 4HCa0 MPAMOYTroNbHHKOB 1 X 8 MOXKHO BbIpe3aThb W3 npsi-
MOYT0JibHOM Tabauubl 75 x 857 (Pa3pesb! J0JKHBEI MPOXOIHTD 110 FPAHHIIAM KJIETOK
TabaH1bI ).

Mons3oBaTLcA KANLKYNATOPOM HE paspellaeTcA.
Bpems pabotei: 4,5 qaca
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5. Ha napaGosie y = z? BhiGHpaercs NpoM3BOJbLHAs TOYKa A, OTJIMYHAS OT TOY-
kM O — BeplukHbl NapaboJibl, H OTMeuaeTcsl Touka B — npoekuws To4kH A Ha oCh
abcuuce. Yepes Touky B npoBoautcs npamas £4, nepnenaukyaspHas npamoi OA.

JlokakuTe, 4TO Bce Takue npsimble £4 nepeceKkaloTcs B OJHOH TOUKe.

6. Ilycts S(a) o6o3nauaer cymmy LHGp B LecATHYHON 3anHcH yucaa a . Halinkre
BCE HaTypaJibHble YHCA 7t , 1S KOTOPBIX BLINOJHAETCS PABEHCTBO

n+2-S(n)+3-S(S(n)) +4-S(S(S(n))) = 2017.

7. KBanpatHbie Tpéxunensl f(z), g(z) n h(z) TakoBbl, 4TO
(1) =9(2)=h(3), f(2)=g(3)=h(1), SG3)=g(1)=h).
Ilokaxute, uto MHoroune f(z) + g(z) + h(z) ABASETCA KOHCTAHTON. _

8. Kakoe HanGoJbliee YHCA0 NPSIMOYTOALHHKOB 1 X 9 MOXKHO Bbipe3aTh W3 Npsi-
MOYrosibHOH TaGuHLbl 94 x 104 ? (Paspesbl 10J1:KHbI MPOXOJHTH 110 FPaHHLIAM KJIETOK
TabJHLB).

MNoNe30BaTLCA KaNLKYNSTOPOM HE PaspellaETCA.
Bpema pabotei: 5§ vacos
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5. Ha koopauuaTHol naockocTH Ozy ( O — Haualo KOOPAHHAT) u306pakeHbl na-
paGona y = x> W npsiMas, He napaJJlesibHasi ocH abeice. [psiMas NpoXoauT yepes
TOukKy P, Jiexkallylo Ha OCH OpJMHAT, H NepeceKaeT JieBYI0 BeTBb napaboJibl B TOUKE
A, a npasyio BeTBb — B TouKe B (Touka B pacnosioxeHa Bbiie To4KH A ). Touku
D u C — npoekiyd Touek A U B Ha och abGcupce COOTBETCTBeHHO. B Tpaneuio
APOD Bnucana OKpy»KHOCTb, pajiiyc KoTopoii paeH 3/8.

Iokaxkute, uto B Tpaneuxio PBCO MOHO BMHCATH OKPYXKHOCTDb H HaWIHTe €€
paauyc.

6. KeanpatHbie Tpéxusiensl f(x), g(z) u h(z) Takossl, uto f(1)+g¢(1)+A(1) =1

£(4) = 4g(2) = 16h(1), g(4) = 4h(2) = 16f(1), h(4) = 4f(2) = 169(1).
Tlokaxure, uto f(z) + g(z) + h(z) = 22 |

7.Ha croponax AB u C'D napannenorpamma ABC D OTN0XKH/IH paBHble OTpe3-
ku AK, BL, CM n DN .Ilycte X — Touka nepeceyenus npameix KM u LN,
a Y — Touyka nepecevyenus npsamoix AN u BM .

Hoxkaxure, yto npsimasi XY napannensHa ctopode BC.

8. Kakoe Han6onbliiee YHCI0 NPAMOYroNbHHKOB 1 X 10 MOXKHO Bbipe3aThb H3 npf-

MOYroJibHOH Tabsinubl 116x 174 ? (Paspesbl 10JIKHBI TPOXOAMTD M0 FPaHHLIAM KJETOK
TabJIHLLBI ).

”DﬂmeﬂTbﬂﬂ KaNbKYNATOPOM HE Pa3pELUaeTCA.
Bpems pabotei: 5 wacos
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5. Ha koopmuuarHoii nnockoern Ozy u3oGpaxensl napabona y = z2 1 npamas,

npoxonsiulas yepes Touky @ c koopaunaramu (0; g). Ilpsmas nepecekaer napa6oay
BTOoukax A U B. Touku D u C — npoekudH Toyek A U B Ha ock abelyce cooT-

BETCTBEHHO.
Hokaxure, uro B ueThipéxyronbHuk ABCD MOXHO BIHCATh OKPYXKHOCTb TOTA

W TOJIBKO TOT/I4, KOT/1a ero MJI0Ma/b paBHa q°.
6. Muorounens! Tpetbeii crenenn f(z), g(x) u h(x) TaKoBbI, 4TO
f1)=9(2)=h(3)=4, f(2)=g(3)=h(1)=5 f(3)=g(1)=h(2) =6
Halinure Maorounen F(z) = f(zx) + g(x) + h(x), ecnm H3BecTHo, HTO F(0) =3.

7. B BbimyK/I0M yeThipéxyrosbiike ABCD otmerhan Touku M, N, K u L —
cepeiuHbl ctopod AB, BC, CD u DA coorserctBenHo. [Tyets P u Q — cepean-

Hbl 0Tpe3koB AL u LD.
Hokaxwure, yto'npsimie PM, LN u QK nepecekaioTcsi B 0[HOM TOUKE TOrIa H
TOJIKO TOrAa, Korja npsimbie AD W BC napaJnefibHbl.

8. Kakoe HanGoJibILiee YHC/10 NPAMOYTONbHHKOB 2 X 11 MOYKHO BIpe3aTh U3 nps-
MOYroJibHOH TaGkibl 70 x 140 ? (Pa3peasl 10/KHB TPOXOAKTD MO FPAHHLIAM KJETOK

TabJaUILLBI ).

Mone20BaTECA KANLKYNATOPOM He paspewaercs.
Bpema pabotei: 5 yacos
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8.5. Oreer: 111 km/u.

[TycTs Ha nepBoM H3 paccMaTpUBaeMbIX CTOAIGOB 3aNHCAHO YHCO abc . Torna na BTopoM cToaGe
3anucaHo bea WAW cab, a Ha TPeTbeM COOTBETCTBEHHO cab WM bea. Buamum, uto TpH ukcaa Ha
paccmaTpHBaeMbix cToiGax — 3To whceaa abe, bea W cab. U3 yenoBus caemyer, yto BTOpPO# cTOAG
HaXOIHTCA Ha PAaBHBIX PACCTOSHHAX OT NEPBOro H TpeThero cToaGos. [TosTomy omHo U3 ukcen bea
HAH cab paBHO cpeaHeMy apHbMeTHYECKOMY ABYX APYTHX H3 TPEX PaccMaTpPHBAEMbIX YHCEJ.

[TycTb cpeaHHM apmimemqecﬁum sBaserca bca. Mnbivu cioamu 2 - bea = abe + cab, T. e.
2006 + 20c + 2a = 100a + 10b + ¢ + 100¢ + 10a + b, oTKyZa nocfie YNPOLIEHHA MOJYYHM
189b = 108a + 81c. Paanenus Bce kosdduumenTsl Ha 27, nosyyum

Th=4a + 3c. (*)

T0 paBeHCTBO OYEBHAHO BHINOAHAETCA NPH a = b = ¢. OHAKO H3 YCIOBHA CAeIyeT, 4To UHDPLI

a, b u ¢ paannynbl. [lepennwenm paeenctso (*) B Buge 7(b—a) = 3(c—a). Buaum, uto (c—a): 7
H [IOCKOJIBKY ¢ H @ — UHpEl, ¢ —a = T (6es orpaHHyeHHs 0GIHOCTH MOKHO CYHTATh, UTO ¢ > a ).
[TosTomy cylecTeyer aBe BoaMOHOCTH: 1) c =8, a=1HTorna b=4;2)c=19, a =2 u Toraa
b= 5. Takum oOpasom, ykcaa Ka cTonbax (B NopAaKe BO3pacTaHus) — 3To ubo 1) 148, 481 u 814,
nn60 2) 259, 592 1 925, TMockoabKy B 0G0HX CIyuasnx PASHOCTb MEXKAY HAHGONBILIMM H HAHMEHBILHM
YHC/1AMH B 3THX TPOHKax paBHa 814 — 148 = 925 — 259 = 666 , To 3T0 03Hayaer, 4To B 3TOM CJayvae
aBTOMOGHNL 32 6 uacoB mor npoexars 666 km. [TosTomy ero ckopocTs pasHa 111 km/u.
ITycTs Teneps cpeansm apudmeTnueckum apaserca cab. Torna ananoruuHo nonyyaem

Te = 4b + 3a, () -

0TKyZa cHoBa W60 a = b = ¢, UTO He COOTBETCTBYET YCJAOBHIO 3a1a4H, NHOO, Nepenucas (#*) B
Bue 7(c—b) = 3(a—b), naxomum, uro a—b =7 1 ¢—b = 3. 10 cHOBa AaeT 1Ba peleHus: YHCAA
abe, bea w cab — 310 W60 1) 814, 481 u 148, aubo 2) 925, 592 u 259. B sToM Caryuae ckopocTh
ABHMKEHHA aBTOMOGHAA TaKske pasHa 111 km/y.

8.6. (37, 37); (54, 27); (88, 22); (105, 21); (95, 38); (90, 72); (190, 90); (390, 18).

Iycte HO(a, b) = d. Torna a=da;, b=db; ,rne HOM(a;,b;) =1, 1 HOK(a,b)=d a;b,. To-
rfla ypaBHeHHe H3 YCJ0BHA 3a1a4YH MOXHO nepenuicars B ule da;d by = 20d 4+ 17d a1 b,. Coxpartie
MHOMHTENb d , NOAyuHM d a;b; = 20 + 17a; b, . Buaum, uto

20 = dﬂ-lb] = ].T-Glbl = ﬂlb]_{d o 1?}

Yuutneas, yto HO (a1, &) = 1 u a; = by, NOCKOABKY 10 yCA0BHIO @ 2 b, BO3MOXHE! TONIBKO
CJIe/lyIOIIHE CAYYaH.
l1)ay=b=1,d-17=20.Tornad=3Tua=5b=137.
2)a;=2,b=1,d-17=10.Torna d =27 1 a =54, b= 27.



e =4, =1, d~17=5"Toraid =22 Hin =S8 0— 22
4)a;=5,b=1,d—-1T=4.Tornad=21u a=105, b=21.

5) a1 =5, h=2,d-1T=2.Tornad=19 H a =95, b=138.

6)a, =5,b=4,d-17=1.Tornrad=18 H a =90, b=T2.
7)ay=10,b=1,d—17=2.Tornad =19 H a =190, b=19.
8)a;=20,b=1,d-17=1.Torna d=18 H a = 360, b= 18.

8.7. [lokaxkem, uTo Bce TOukH nepeceueHus otpeskos AE u DF nexar Ha OKPY)KHOCTH € UeH-

TPOM B TOYKE NepeceyeHHs aHaroHaied napaanesorpamma ABCD u panHycoM, paBHbIM N0J0BHHE
cTopoHsl AB.

[Tockonsky ABCD — napannenorpamm, To oTpeskd AD u BC pasHsl H napajneibHsl. Ana-
JoruyHo, otpeski BC w FE paeHbl v napamnensisl. CrenopatenbHo, yeTbipéxyronbink ADEF
— MapaJ/uleJorpaMm, K, TaK KaK B napaJuiesorpaMme JHaroHa/H NepeceKkaloTcs B cepelHHax, To Tou-
Ka nepecedenns otpeskoe AE u DF sasnferca cepenuHoi otpeska AE .

[lycts O — cepennua otpeska AC, Touka X — cepenuna otpeska AE. Otpesok OX se-
nsieTcs cpelHed AHHKHeR TpeyronbiHika ACE , ciegosarensHo, OX paBHoO NoJoBHHe cTOpoHsl CE
H napaijenbHa efi (B cayyae, ecan Toukn A, C, E aexar sva oano npamo#, Tpeyroasiik ACE
BLIPOXKAEHHEIA, HO, oueBHaHO, OX Takxe paBHO nosoBHHe cToporbl C'E u napaanenbHa ef ). O6o-
3HAYHM OKPYMKHOCTb C LeHTpOM B Touke C' u paguycom AB uepes 2, a OKpPYKHOCTb C LEHTPOM B
Touke O W paguycom AB/2 — uepes w. :

[Tockonbky napannenorpammsl ABCD u BCEF nexar B pa3HbiX NOJYNJIOCKOCTAX OTHOCH-
TensHo npsamoii BC, TO BCeBOaMOXKHbLIE TOUKH E J1eiKaT Ha OKPYKHOCTH §) H HaXOIATCA B PasHbIX
NOJYNJ0CKOCTAX ¢ TOUKOA A oTHOocHTeabHO npaMoid BC . 3T0 03HAaYaeT, YTO BCEBO3MOXKHBIE TOUKH
X NeaT Ha OKPYKHOCTH W H HaXONATCA B PasHbIX MOJYMJAOCKOCTAX C TOYKOH A OTHOCHTENBHO
npsAMoH, npoxoasiued yepes Touky O napanjensio BC.

8.8. Oreer: T95.

3aMeTHM, YTO NMPAMOYTOJBHHK T X 1. BCErAa MOMKHO MOJHOCTBI0 paspe3aTh Ha KyckH 1x 8, eciu
0/IHA M3 €ro CTOPOH — m HAH n — gesutcs Ha 8. Ha pucyuke | 1aHHBIA NPAMOYrOAbHHK 75 X 85
Pa36GHT HA NPAMOYTOJLHHK 3 X 5 W npAMoyroibHHKH 72 x 5, 3 x 80 u T2 x 80. Kaawifi U3 Tpéx
NocJeIHHX MPAMOYrOJLHHKOB paspesaeTcs Ha KyckH 1 x 8 — cooTBercTBeHHO Ha 45, Ha 30 v Ha
720 Takux KyckoB. CTajio GbiTb, H3 JaHHOTO NPAMOYTOJIbHHKA MOXKHO BbipesaTh 720+ 30+45 = 795
Kyckos 1 x 8.
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[Mokaxkewm, uTo Gosee uem 795 NpAMOYroJibHBIX KyckoB 1 x 8 Beipe3aTb He yaactcs. [Tokpackm
KJETKH NaHHO#M Tabauubl B § LBETOB KaK NoKaszaHo Ha pHcyHke 2. Jlerko BuaeTs, 4to J106GOA Npsi-
MOYroJIbHHK 1 X 8 Bceraa HakpbiBaeT POBHO MO OJHOM KJIETKe Kaxaoro usera. Ecau Beipesars u3

TaGJHLBl NPAMOYTOJILHBIA GparMenT 3 X 5, B KGTD‘;JDH HET KJIETOK BOCEMOTO LIB€Ta, TO B OCTANbHON
5-8—-15

Y4CTH KJIETOK KaXI0ro BeTa Oy1eT NOPOBHY, T.€. = T795. Tak Kak Bo dparmenTe 3 x 5

KJETOK BOCBMOTO LIBETA HET, TO BCEro B Tab/Hie uMeeTes 795 KJETOK 3TOro upeta. Tak Kak Kaxabif
KycoK 1 x 8 HOJKeH HaKpbIBATH OAHY KJETKY BOCHMOIO liBeTa, TO TAKHX KYCKOB He MOXeT GbiTh
HoJablue, yeM T95.



9 kaacc

-ﬂ.ﬁ.l'lycrb A(a;a®), B(a;0), O(0;0), u P4(0;p) — Touka nepeceueHns npsiMoi £4 ¢ 0Chio
abcuuee (eM. pHe. 1).

&
A
A
P ; .
s ,: P4
9] B
o B
Pue. 1 Puc. 2

llepsoe pewenue. Pacemotpum vethipéxyronbiuk ABOP,, KOTOPbIN, 04eBUAHO, ABNACTCA Nps-
MOYroJibHOH Tpaneuued, Tak kKak £ ABO = £ BOP4 = 90° (cM. pue. 2). Menonbaya Teopemy
[Mudaropa, HaxoIMM ero 1HaroHa H

OA=+vOB?+ AB? = Va2 +af, BP;=,/0B?+0P2= /&% + p.

Tak kak auaronanu yetTsipéxyroabiuka ABOP, nepnesaukynspHbl, TO ero niomas

1
S(ABOP,) = ;0A-BPy = 1Vai T ot /a1 7.
C apyroii cToponsl, Tak kak ABOP, CyTh NpAMOYroJibHAsA TPANeLws, To

2
M‘DBJ;G e

S(ABOP,) =

CnenoparesibHo,

vat+at-\/a2+p?=(p+a?)-a = (a® +a')(a® + p?) = a®(p + a®)® <

(1+a®)(@®+p")=(p+a)? = +p’+a' +a’ PP =p* +2pa’ +a* < P -2 +1=0.

Tak o6pasom p = 1, T.e,, Touka P4(0;1) u eé koopanuHaTsl He 3aBucAT OT a, OTKyAa cremyer, uTo
BCE NpAMEIe £4 NEpecekalnTca B 0JHON TOYKe.

Bmopoe pewenue. Mcnonbayem ueptéx u 0603HayeHus NpelblIyllero peluenns. Tak Kak
ABOP, — npamoyronbHas Tpaneuns, o OP, || AB, utorna £ Ps0A = ZOAB (suyTpen-
HHE HaKpeCT Nexallke yriel ). [TockoAbKY AHArOHAMH TPaneuHH NepnesauKyaapuel, 1o £ P4MO =
90° = £ ABO. Cnenoeateasto, Tpeyronsiiks P4 MO u OBA nopo6usl (no nsym yrnam). Kpome
TOTO, NPAMOYTroJibHbIE TPEYroAbHHKH PaMO u B,OB Ttome nonoGHul , Tak kak OM — BhicoTa
NpAMOYroibHOro Tpeyronbiika P4OB, otkyna £ P4OM = £ P, BO. CaenosatensHo noao6Hb! H
TpeyronbHikd OBA u P4OB [Mostomy

OF, @ P E wid

OB ~ AB



Takum o6pasom, KoopauHatsl ToukH Py — (0;1) — He 3aBHcsT or a. OTkyna caenyer, 4to Bee
npsimble £4 NepecexkanTcs B ONHOM TOUKE. :

Tpemee pewernue. Hcnoabsyem 0603HaueHus npeabiayliero peiledus. [TocTpoum ypasuenne
npamMoA OA. OHo uMeeT BHL y = kz, TaK Kak NpAMas NPOXOAHT 4epes Hauano koopauuart. [To-
CKOMILKY TOYKE A NpPHHALNEKHT NpAMOM, To 415 eé KOOPAHHAT BBIMOAHEHO paBeHcTBO a’ = ka,
otkyna k = a (a # 0). Ilyctb ypaeHeHue npsamoit BP, umeer BH1 y = az + 5. Tak kak no
ycaoeHio npambie OA u BP4 nepneHiuKyAspHEL, TO NPOH3BEAEHHE YIIOBbIX KO3QHHLHEHTOB 3THX

NpAMbIX PaBHO aa = —1. 3HauHT, ypaBHeHHe npamoil BP4 HMeeT BHA y = e -z + f. Nockoabky

1
TOuKa B NpHHaLNEeXHT 3TOH NPAMOii, TO /1A €8 KOOPAHHAT BLINONHEHO paBeHCTRO 0 = = a+j,

1
P, NeXHT Ha 3TOR NpAMON, eé KOOPAHHATHl YAOBNETBOPAIOT PaBeHCTBY p = S 0+ 1, oTkyna

p = 1. Takum o6pa3om, KoopauHaThl ToukH P4 — (0;1) — He 3aBucaAT oT a. OTKyza caeayer, uto
BCe npAMble £4 NMepeceKalTcs B 0QHOMH TOUKe.

9.6. Orser: 1945.
Tax kak n = S(n) (mod 9) ana mobGoro HaTypaJLHOrO 7, TO

n+2-Smn)+3-5(S(n))+4- S(5(S(n))) =n+2n+3n+4n = 10n = n (mod 9).

A rak kak 2017 = 1 (mod 9), To u3 ypaBHenus
n+2-8(n)+3-5(S(n)) +4-8(S(S(n))) = 2017 - ° (%)

caegyer n = 1(mod 9), 1. e. n = 9k + 1 Jlanee, Tak KaK cormacHo () n < 2017, 70 S(n) <
5(1999) = 28. C yuerom TOr0, 4T0 7 = 1(mod 9), a, 3Hauut, # S(n) = 1(mod 9), Beanunna S(n)
MOXKeT NPHHHMATDL TOJbKO 3Havenns 28, 19, 10w 1.

Ecan S(n) = 28, 10 §(S(n)) = 2+ 8 = 10, S(S(S(n))) =1+ 0 = 1. Toraa cornacHo (x)
nodyyaem: n+2-28+3-10+4-1 = 2017, otkyna n = 1927. Ho S(1927) = 19 # 28. [Tostomy
TaKoe 3HaYeHHe n He YNOBJNETBOPAET YPaBHEHHIO (*) .

Ecau S(n) = 19,10 S(S(n)) =1+ 9 = 10, S(S(S(n))) = 1+ 0 = 1. Torna cornacto (*)
noayyaem: n+2-19+3-10+44-1 = 2017, otkyna n = 1945. U, neficteurensuo, S(1945) = 19.
[TosTomy n = 1945 sBnsercs pelueHne ypapHeHus (*). :

Ecau S(n) = 10,710 S(S(n)) =1 u S(S(S(n))) = 1. Toraa cornacHo (*) nonyyaem: n + 2 -
10+3-1+4-1= 2017, otkyaa n = 1990. Ho S(1990) = 19 # 10. [TosTomy Takee 3Hauekke n
He YNOBJIETBOPSAET YPABHEHHIO (*).

[Ipn §(n) = 1 noaysaem S(S(n)) = 1 u S(S(S(n))) = 1. Torna cornacto (*) nonyyaem:
n+2-14+3-1+4-1=2017, otkyna n = 2008. Ho 5(2008) = 10 # 1. [losTomy Takoe 3HauenHe
n TAaKXKe He YIOBNETBOPAET ypaBHeHHIO (*).

9.7. O6oznauum F(z) = f(z) + g(z) + h(z). [NepenHiuem naHHbIe B YCIOBHH DAaBEHCTBA B BHE
f(1) =g(2) =h(3), g(1)=h(2)=f(3), h(1)= f(2)=29(3).
CkaanpiBas 3TH DaBEHCTBA, NOMy4aeM
F(1) = F(2) = F(3). (1)

[lyets F(z) = az® + bz +c u F(1) = A, rne A — HexoTopoe AeficTBHTeAbHOE yncao. Torna u3
paBeHcTs (1) nomyuaem cucremy

da+2b+c =A, (1)

a+b+ec =A,
92+ 3b+c = A.
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BrlukTas H3 BTOPOTO H TPETLENO PaBEHCTB NEPBOE, NOAYYHM

Sa+b =0,
{Ea+zb — 0. @

BriunTas M3 BTOpOre paBeHCTBa 3TOA CHCTeMbl yABOeHHOe nepsoe, Hakaem 2a = 0, otkyna a = 0.
Torna u3 nepeoro ypasHenus cHcteMsl (2) Haxoaum b = 0, W H3 NepBOro ypaBHeHHs cHcTemsl (1)
HaxoauM ¢ = A. Taxkum obpasom, F(zr) = A npH Bcex AeHCTBHTENLHBIX T, YTO H TpefoBanoch
NOKa3arTh.

9.8. OTeer: 1084.

3ameTHM, 4TO NPAMOYTOJNLHHK 771 X 1. BCETa MOMKHO NOJHOCThIO pa3pe3aTh Ha KyckH 1x9, ecan
OIIHa H3 ero CTOPOH — m HAH n — aeautcs Ha 9. Ha pucynke 1 nanueli npamoyronsHik 94 x 104
pas3GHT Ha NPAMOYroNibHHK 4 X 5 W npaMoyroisHHKKH 90 x 5, 4 x 99 u 90 x 99. Kaxneid Hs TpéEx
nocneHHX NpAMOYTO/JIbHHKOB paspesaeTca Ha KyckH 1 X 9 — cooTBeTcTBEHHO Ha 50, Ha 44 W Ha
990 TakHx KyckoB. CTano GbiTh, H3 JAHHOTO NPAMOYTOJLHHKA MOXKHO Bolpe3ath 990+50+44 = 1084
KyckoB 1 x 9.

L = -

- - R |

Lo~ O - - ]

= D 0 =] (cn o o
=D 0= oo s
= oo =] o oen

=D 0 =] oo ds L R e
=D 08 =] Ren e L b2

Puc. 1 Puc. 2

[Tokaxem, uto Gonee yem 1084 npamMoyronbHBIX KyckoB 1 x 9 Bhipesats He yaactes. [Tokpacum
KJETKH [aHHOM Tabauubl B 9 LBETOB Kak nokasaHo Ha pucyske 2. Jlerko suaers, uto awobof npa-
MOYroJIbHHK 1 % 9 Brerja HakpblBAaeT POBHO MO OJHOMN KAeTKe Kaxaoro userta. Ecau sbipe3aTs H3

TabNHLBl NPAMOYroNbHEIR parmMeHT 4 X 5, B KOTOPOM HET KJIETOK AeBATOro UBeTa, TO B 0CTaIbHOH
94-104 — 20

YACTH KJIETOK Kaaoro ugera Gyner nopoeuy, 1.e. ——————— = 1084. Tak kak Bo dparmenTe,

4 % 5 KNeTok néaﬂmm LIBETA HET, TO BCEro B tabanue imeerca 1084 kaetok storo ugera. Tak Kak

Kam bl Kycok 1 x 9 nosokeH HAKPLIBATh OHY KJETKY NEBATOrO LBETA, TO TAKHX KYCKOB He MOXeT

fbiTh Gonblue, yem 1084.
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10.5. Oteer: OtBer: R = 3/4.

Myets O(0;0), A(a;a?), B(b8?), P(0;p). Torma C(b;0), D(a;0). Hs ycnosus
caenyer, uto b? > a®. Tlyers K(0;a*) — npoekuus ToYKH
A Ha ocb opaMHaT, a M — MpoeKuHs ToukH P Ha nps-
5 myto BC. Jlerko BuzeTs (cu. pucynok), uto AD = a?,
B(ib')  Bo = 12, PM = b, AK = DO = —a. Hafiném opas-
Haty p ToukH P. [lnsi 3TOr0 NOCTPOHM ypaBHeHHe NpAMOH
AB : mycTb ypagHeHHe HCKOMO# npamoi —

y=kz +c. (1)

|

L=

,0) Tak kak Toukd A W B nexat Ha 370l NPAMOH, TO HX KOOP-
AMHATH JOMKHBI YA0BAeTBOPATS (1), nostomy a® = ka+c
i b® = kb + c. M3 nosyueHHbIX paBEHCTB JIETKo HaXomHuM k = a + b u ¢ = —ab, T.e, ypaBHeHHe
npamoli AB nmeer Bua y = (a-+b)z—ab. TNockonbKy TouKa P JIEKHT Ha NPAMOH AB, To noacras-
N9 KOOPAMHATH TOUKH P B ypaBHeHHe NpaMoii, Haxoaum p = —ab. Taknm obpasom, P(0; —ab) u
M(b; —ab). Caenosatensho, KP = —ab—a®, BM =b* +ab, PO = —ab.
Torzaa no Teopeme [Nudaropa 13 npsimoyro/ibHOro Tpeyroiibiika APK nmeem

AP = VAK? + PK2 = \/(=a)? + (—ab — a®)2 = \/a?(1 + (a + b)?).

Ilnsi Toro uroGsl B Tpaneusio APOD MoXHO 6bl/I0 BIHCATh OKPYHHOCTE HEOOX0AHMO H 10CTATOUHO,
yTOGHI CYMMBI JLTHH €€ NPOTHBOMOJOXKHEIX CTOPOH ObLIH PaBHbI, T.€.

AP+ DO = AD + PO <= /a?(1+(a+b)?) —a=a"—ab <
a}(1+ (a+ b)) =d*((a—b) +1)*=a*((a - b2 +1+2(a—b)) =
4ab=2(a—b) <= 2ab=a-b. (1)

Ananoruuno, npuMenss Teopemy IThdaropa k Tpeyrobuuky PBM, HaxoanM

PB = VPM? + BM? = \/b? + (1? + ab)? = \/B*(1 + (a + b)?).

Ianee umeem -
PB+0C = PO+ BC < /B(1+ (a+b)?) +b=—ab+b <
B(1+ (a+ b)%) = B¥((b—a)—1)? = b*((b—a)*+1—2(b—a)) = dab=2(a—b) <= 2ab=a-b.

B cuay (1) 310 03Hauaer, yTo B Tpaneunio PBCO TakKe MOXHO BIHCATh OKPYXKHOCTD.
[yets r U R — pamuychl okpykHocredl, BnucanHeiX B Tpaneuin APOD n PBCO cootser-

ctBento. [TockobKy o6e TpaneunH npaMoyroabhsie, T0 2r = —a, 2R =»5. Torna us (1) nonyyaem

r

“PRy=—2r 20 =—"hH~ :
r—1

IMoncTaBnss 1aHHOe B YCJIOBHH 3HaueHue r = 3/8, noayyaem R = 3/4.

3ameuarue. OTMETHM, YTO BO3MOMHOCTb BIHCATh OKPYMHOCTb B Tpaneunio PBCO chenyer
3 noao6us Tpaneunii APOD u PBCO. JleficTBUTENIbHO, BCE COOTBETCTBEHHbIE YIVIBL Y STHX Tpa-
MeLHi O4eBHAHO PaBHbI, @ HX COOTBETCTBYIOLLHE CTOPOHBI MPONOPUHOHALHEL, TAK KaK

AD =a?, PO = —ab, BC =V, DO = —a, OC =,
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AP = —a\/1+ (a+ b2, PB=by/1+ (a+ b2,

AL AR -~ DO PO 50
PO PES. 0T BC: =5
10.6. O6o3naunm cTapuise KoahduuHenTs KBaapaTHLIX Tpéxunenoe f(z), g(z) u h(z) uepes
a, B ¥ v cootsetcTBeHHo. PaccMoTpum MHorounen f(2z) — 4g(x). OueBnaHo, uTo €ro cTeneHs He

Buitue 2, a kosbduunent npu z? pasex 4(a — B). B cuny nepsoro M TPEThEro U3 AaHHLIX B YCJNOBHH
PABEHCTB

OTKyZa

f(4) =49(2) = 16h(1), g(4) = 4h(2) =16£(1), h(4) = 4f(2) = 164(1)
3aK/IoyaeM, 4To = = 2 U z = 1 — KopHH MHorounena f(2z) — 4g(z), nostomy
f(2z) — 4g(z)4(a - B)(z — 1)(z — 2).
CoBeplLeHHO aHANOTHYHO, HAXOIHM
9(2z) — 4h(z) =4(B - 7)(z - 1)(z - 2), h(2z) - 4f(z) = 4(y - a)(z — 1)(z - 2).

CK/1aabIBas NoJyyeHHble TPH PABEHCTBA, MOJYYHM, HTO MPH BCeX AEACTBHTEbHBIX T BHIMOJHEHO

f(2z) + g(2z) + h(2z) — 4(f(z) + g(z) + h(z)) = 0. (1)
O6osnaunm F(z) = f(x) + g(z) + h(z). Torna u3 (1) cneayer, uto
F(2z) = 4F(x) (2)

115 Beex aeficteutensibiX . [lyets F(z) = az?® + bz + c. Tenepsb pasenctso (2) nepenuiiercs B
sune dax? + 2br + ¢ = 4az? + 4bx + dc, HAK 2bz + 3¢ = 0 17 Beex neffcTRHTENBHBIX z. OTciona
Heo6xoaumo noJysaem ¢ = 0 0 b = 0. Caenosaressho, F(z) = az’®. [locko/ibky H3 yC/10BHS
caenyer, uto F(1) =1, 10 a = 1, T.e., F(z) = z?, uTo 1 Tpe60BaNOCH 10Ka3aTh.

Bmopoe pewenue.

O6Gosnauum F(z) = f(z) + g(x) + h(z). Cknanbipas JaHHbIE B YC/IOBHH PaBeHCTBA

f(4) = 4g(2) = 16h(1), g(4) = 4h(2) = 16/(1), . h(4) = 4f(2) = 169(1),

noJyuaem ;
F(4) = 4F(2) = 16F(1) = [F(1) = 1 no yenosuio] = 16.

Myete F(x) = az? + bz + c. Torna n3 paeencts (1) noayyaem cucremy
a+b+c =1,
da4+2b+c =4,
16a+ 4b+c = 16.
Pewasn koropyto, Haxomnm a = 1, b=0, ¢ = 0. [leficTBUTEALHO,
a+b+e =1, a+b+c =1,
da+2b+c =4, = Ja+b =3,
. l6a+4b+¢c =16 15a+3b = 15.

BbluKTasi H3 TPETHErO YPAaBHEHHsA CHCTEMbI YTPOEHHOe BTOpoe, noayyaem 6a = 6, 1e, a = 1, H
TOr1a M3 BTOPOTO ypaBHeHHs noayyaeM b = 0, U Tenepb 13 MepBOro ypasHeHHs Haxoanm ¢ = 0.
Takum o6pasom, f(z) + g(z) + h(z) = F(z) = z*, 4to  Tpe6oBanoch 10Ka3aTh.

10.7. Tlycts npsMasi, Npoxo/silas Yepes Touky Y napanneabHo ctopone BC nepecekaer cto-
pony CD BTouke Z.



Tak Kak ueTbipéxyroJibHikH ZY CB u ZY DA ABAAOTCA TPaneLUHAMH, TO NOMYYaEM ABE napsl no-
N06HBIX Tpeyroabhukos: AZYM ~ ACBM u AZYN ~ ADAN . W3 stux nonoGuii caenyior
paBeHcTBa oTHoweHnA: ZM : CM = ZY : CD w ZN : DN = ZY : DA. [1ocKONbKY B STHX
oTHoweHusx CM = DN u CD = DA, 10 ZM = ZN,1.e. Z — cepenuna otpeaka MN . Tak
KaK Touka X SB/SIETCA TOUKOH nepecevenns auaroHanei napainenorpamma KNML, 1o X —
cepenuHa otpeska MK , a otpesok XZ — cpelHsifl IHHHA TPeYroJbHHKaE MNK . Tlo ceoficTey
cpenHed JHHKHH Tpeyroashuka, X Z || NK || BC.

Uepea Touky Z npoxoaaT npambie Y Z u X Z , napannensHsie cropode BC', 3HauuT, 3TH nps-
Mble COBMAAIOT U Touka Z JexuT Ha npamoit XY , napannenbHof cropore BC.

3ameuanue. B 3aBUCHMOCTH 0T TOro, uto Gosblue, 2AK win AB, BO3MOXHBI JBa PasHYHbIX
MONOMKeHHst TOYKH Y BHYTPH HJIH cHapyxu napaienorpamma. [TpueaénHoe pelleHHe NOAXOIHT K

060HM cayyanm, .

10.8. Oreer : Oreer: 2016.

3ameTHM, 4TO NPAMOYIONBLHHK M X 1 BCErAa MOMHO NOJHOCTLIO paspesats Ha Kyckd 1 x 10,
€CJIH O/IHA W3 ero CTOPOH — m HWIH n — faenurcs Ha 10. Ha pucynke | nanHeli npaMoyrofbHHK
116 x 174 pa3GuT Ha npsAaMoyroabHHK 4 x 6 W npamoyroabiukd 170 x 6, 4 x 110 1 170 x 110.
Kax it U3 TpéX NocsieIHHX NPAMOYTONBHHKOB pa3pesaercs Ha KYCKH 1 x 10 “— COOTBETCTBEHHO Ha
102, na 44 u Ha 1870 takux Kyckop. Ctano OuiTh, H3 JaHHOTO NPAMOYrOJILHHKA MOXHO BbIpE3aTh
102 + 44 + 1870 = 2016 kyckos 1 x 10.

12 3 45 86|78 9101
2.8 46 6 T|sa s,
6 110 345 6 7-8/9101
4 4 5 6.7 8 9101
5 6 7 8B 9 101
6 78 9101
it 78 9101
g8 9 101
9 10 1
101
: 1
Puc. | Puc. 2

IMokaxem, uto Gonee yem 2016 npsiMoyronbHeix Kyckos 1x 10 Beipesats He yaactea. [lokpacum
KJEeTKH JlaHHO# TaGauibl B 10 1BETOB KaK NokasaHo Ha pucyHKe 2. Jlerko Buiiets, 4o moGoi npsi-
MOYTOJIBHHK 1 x 10 Bcerna HAKpBLIBAET POBHO MO OJHON KJIeTKe Kaxaoro upeta. Ecan BhLIPE3ATL H3

TabJHLbl TPAMOYTO/bHLIA parmenT 4 x 6, B KOTOPOM HET KJAeTOK AECATOrO IBeTa, TO B 0CTabHOH

116 - 174 —
YACTH KJETOK KaMJoro usera GyleT NOPOBHY, T.e. __ﬁ_.ﬁgé = 2016. Tak kak BO parmenTe

4 x 6 KJeTOK IeCATOro LiBeTa HeT, To Beero B Tabauue Hmeetcs 2016 KaeTok 3Toro upeta. Tak Kak
KaxbA KycoKk 1 x 10 nonxeH HaKpeIBATE OJHY KNETKY ECATONO LBETa, TO TAKHX KYCKOB HE MOMeT
GbiTh Gonblie, yem 2016.
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11.5. [yets O — Hauano koopaunart, A(a;a®), B(b;b?). Torna C(b;0), D{a;0). Ouesuano,
4TO ecii @ = b = g, To yeThpéxyronbHHK ABCD — Ksagpart [B
HEro BCerja MOJKHO BIHCAaThb oxpymnucrh) H ero nJoilajk pasHa g°.

[peanonoxum, yto b > a®. [lyeTs npsmas, npoxonsuwas ye-

_ pea Touky A napannenbHo ocH abeumce, nepecekaet npnmym BC B
Touke M. Jlerko BHueTh (cM. pucyHOK), uro AD = a?, BC = b2,
AM = b—a u BM = b* — a®. Torna no Teopeme I'IHanmpa na

NPAMOYTONBLHOrO TPEYroJibHHKA BAM HMeeM

B=vAM:+BM?=+/(b-a) + (° — o).

a5 Toro yto6bl B TpaneuHro ABCD MoHO GblI0 BMHCATL OKPYH -
HOCTb HeOGX0AMMO W 10CTATOYHO, YTOOL! CYMMBbI I/IHH €€ NPOTHBONO-
NIOMHBIX CTOPOH OblIH PaBHBI, T.€.,

D@,0) [0 C@0)

AB+CD=AD+BC <= /(b—a)2+ (02 —a2)2 + (b—a) =a’ +V* <

(b—a)*+ (b* — a®)? = ((@* +°) — (b —a))’ = (&® + B*)* + (b— a)® — 2(b — a)(a® + I?) <>
2(b — a)(a® + b*) = 4a’b". (1)
Kpowme toro, niowans S(ABCD) npsamoyroabhoi Tpaneuds ABCD pagua

L

2
S(ABCD) = ABE;BG eho X ”’
Taxum o6pasom, u3 (1) caenyer, 4To HEOGXOAHMEIM H LOCTATOYHLIM YCIOBHEM BO3MOMKHOCTH BIIHCATH

OKpYXHOCTb B Tpaneuuio ABCD spnfercs BuinoJHeHHe YCAOBHS

-(b—a).

S(ABCD) = o™’ (2)

Hafiném cootHolueHue, CBA3LIBAIOLLEE OPAMHATY § TOUKH Q c a W b. Jlas 3TOr0 NocTpoHM
YpaBHeHHe npﬂmnﬁ AB : nycTh ypaBHeHHe HCKOMOT NpaMOi —

y=kr+c. (3)

Tax kak ToukH A u B Jnexar Ha 37O npaAMOi, TO HX KOOPIAMHATH A0JMXHbI YAOBAETBOPATH (3),
nostomy a’® = ka + ¢ u b = kb + c. M3 nonyueHHbIX paBeHcTB JIeTko Haxoium k = a + b
c = —ab, T.e, ypasHenue npamoii AB umeer Bull y = (a + b)z — ab. [TockonbKy Touka Q NeXHT
Ha NpamMoR AB, To noacTaeass KOOPAHHATH TOYKH () B ypaeHeHHe npaMof, Haxoaum g = —ab.

OxonyatenbHo 13 (2) noayyaem, yto paserctso S(ABCD) = ¢° aABnAeTcs HeOOXOAHMBIM H 10~
CTATOYHBIM YCJIOBHEM BO3MOMXHOCTH BNHCATh OKPYXKHOCTL B Tpaneiiio ABCD, uto u Tpe6oBanoch
0KA3aTh.

Cayuaii, korna a® > b* paccmaTpHBaeTcs aHaJlOrHUHO.

11.6. Oteer: f(z) + g(z) + h(z) = 25° — 1222 + 22z + 3.
O6oanaunm F(z) = f(z) + g(z) + h(z). [Tepenuiuem naHHble B YCIOBHH PABEHCTBA B BHAE

f1)=9(2) =h(B)=4, g(1)=h(2)=f(38)=6, h(1)=/f(2)=g(3)=5.
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CknansiBas 9TH paBeHCTBa, NoJy4Yaem :
F(1)=F(2) = F(3) = 15. (1)

M3 nonyuyeHHOro paBeHCTBA caedyeT, yTo ydesaa 1, 2 H 3 — TPH pasiiHuHble KOPHA YpaBHEHHs
F(z) — 15 = 0. [TockoabKy o4eBHIHO, 4TO CTeneHb MHOrouseHa F(z) He Bbie 3 (Kak cymma
TPEX MHOrOUNEHOB TpeTbeli crenenn), o F(z) = a(z — 1)(z — 2)(z — 3) + 15. Tak Kak no yca0BHIO
3=F(0)=-6a+1510a=2™H

F(z) = 2(z - 1){z - 2)(z — 3) + 15 = 22° — 122 + 22z + 3.

HenocpencTeennas npoBepka NoKasbiBaeT, YTo HafiAeHHbI MHOrOUNeH F(z) yaoBJeTBOpser pa-
BeHcTBaMm (1).

11.7. [Tpeanonoxum, uto npamsie AD W BC napanneabsl. [TycTs npamas QK nepecekaer
npamsie BC W NL BToukax R u S cootsetcrsedno. [Tockonsky CK = KD, T0 YeThIpEXyrob-
wik CRDQ — napannenorpamm  CR = QD . Tpeyroabhukn SQL u SRN nopoGHbl ¢ Ko3¢-
dHupenToM nono6ua SL: SN = QL : RN = (AD/4) : (BC/2+ AD/4) = AD : (2BC + AD).
AHanoruuHo, eci 0603HaUHTL Yepe3 R’ # S’ Touku nepeceyenus npamoii M P ¢ npambimi BC u
N L, 1o noxyuum nonoGusie TpeyroabHiukd S'PL W S'R'N ¢ TakuM e Ko3(PhHLHEHTOM NOA0GHS,
Te. SL: SN = S'L : §'N. 310 o3nauaer, yto ToukH SN : SL = S'N : S'L, uT0 paBHOCHILHO
pasenctBy 1+ NL/SL =1+ NL/S'L, 3nauut, Touks S # S’ coBnapaior u npamsie PM, LN
@K nepecekalTcs B OJHOH TO4KeE. :

Tlokaxem o6paTHoe yTeepkaenne. ITycts npameie PM, LN u QK nepecekalorcs B Touke S.
Ilasi Toro, uto6hl 10Ka3aTh, uto npsMble AD u BC napanienbHel, 10KaXKeM BCNOMOraTelbHyio

JIeMMY. & N,
E -
/HW / o
o .
z .
A Flap L

5

Jlemma. I"lycm BEKTOPEI bucé Henapa.n.ne.nbuhl azx,y,p,q — ACHCTBHTEIbHbIE YHCIA. Ecau
BekTopbl b+ Y& M pb + ¢F NnapannensHsl, To napsl uncen (z,y) # (p,q) npunopuunuaﬂhﬂm(mq =

Y ).
JokaszateabcTeo. Ecan BekTopbl zb iR yc M pb + qc napajJiefibHbl, TO A/l HEKOTOPOro Jefi-

CTBHTE/ILHOTO YHC/1A ¢ BEPHO PABEHCTBO b+ yc = [pb + g€) , KOTOpOE PAaBHOCH/ILHO PaBEHCTBY
(z — tp)b = (y — tq)é. Ho, TaK KaK BekTophi b M & HenapaijelbHl, TO H3 NOC/IEHEr0 PaBEHCTBA
cnenyer, uto uieaa (z — tp) u (y — tg) paBHel Hyab, T.6. T =1p, ¥ = g, zq = tpg = py . Jlemma
N0Ka3aHa.

OGo3HauiM BEKTOPbI S_A _B'} SC u SD yepes @, b, € 1 d coorsetcTBeHHO. TaK KaK BeK-
Topbl b # & Henapaiie/ibHel, T J0GOH BEKTOP HA NIOCKOCTH MOXKHO 3afHCaTh B BHAE HX NHHeAHOR
komGuHaumn. [lyctb & = zb + y&, a d = ub + v, 3anUiLeM B TAKOM e BUJE OCTaJbHbIe BEKTODEI.

SM = (G+5)/2=05(z+1)b+ 0548 SK = (€+d)/2 = 0.5ub+0.5(v+1)G,
SN =(5+8/2=055+058 SL=/(d+a)/2=05(z+u)b+05(y+v)G
SP = (a+ AL)/2 = (3d + d)/4 = (0.75z + 0.25u)b + (0.75y + 0.250)¢,
SO = (d+AL)/2 = (@+3d)/4=( 525m+ﬂ?5u}b+{025y+{]75v]5
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Tak Kak Touka S sBasercs TouKoil nepeceyexus npamelx PM, LN u QK , 1o SM Il 575
ﬁ Il ﬁ H 55 Il S_I'_t)’ . Bocnonsayemcs caenyionm Lenoukamu caeacTeuii: :

5M || 5P = 25 || 45P = 25 | 45P - 653 = (z+ 1B+ | (u— 3)b+ v,
SL || 5N = 257, | 25N = 5+ & (z + wb + (y + v)E
.ﬁ(’Hﬁ#23_1(’”4%:.'?2.@?“45_@}—63?=>uE+[U+IJE||IE+I[y—-3}E

ITo nokasanHof nemme 310 03HAYAET, UTO MOXKHO 3aMHcaTh CHCTEMY YpaBHEHHMH:

(z+1)v=ylu-3),
ytv=z¥u . (1)
u(y—3) = (v+ 1)z

Ck.1aabiBast NepBOe H TPeThe YPaBHEHHA CHCTEMBI (1), nosyuum paseneto v — = 3(u—v), a
H3 BTOpOTO paBeHCTBa CHeTeMsl (1) enenyer pasencTso v — 2 = u — v. CllenoBarTeabho, v — r =
u—v=0,Te.T=vHy=u.

Hcnosbsys nonyuenusie pasencTsa, Haiiném

E.Z:ﬂ—.ﬁ_——-[a:—u}g-i-f_f,r—-v]&':[z—y}g—[m—yjé':{m—y}ﬁ,

OTKyNa c/iefyert, 410 npambie AD W BC napanienbHbl. '

3ameuanue. V3 pewenns suaHo, uto Toukn P H Q He 06s3aTeNbHO N0/KHBI ObITh CepeIHHaMH
otpeskos AL u LD . lns Toro, uto6u TpeGyemoe YTBEPXIeHHE 0CTABAJIOCh BEPHLIM, JOCTATOYHO,
HTOOBI TOUKH P H Q neaunu cropony AD B oauHakoBoMm OTHOLUEHHH, CYHTaA OT BepwHH A u D
COOTBETCTBEHHO.

11.8. Oteer: 444.

3amernm, uto NMPAMOYTONLHHK 1M X T BCerja MOXKHO MOJHOCTLIO pa3pe3aTh Ha Kyckn 2 x 11,
€CJIH O/1HA H3 €r0 CTOPOH — m WAH n — JNenuTtcs Ha 11, a apyras — Ha 2. Ha pHCYHKe | naHHbIf
NpAMOYTOJbHHK 70 X 140 pasGHT Ha NPAMOYrONbLHUK 4 X 8 H NPAMOYroAbHHKH 66 X 8, 4x132w
66 % 132. Kaxawiii W3 Tpéx nocJeanux NpAMOYTOJLHHKOB PA3Pe3aeTCA Ha KYCKH 2 x 11 — cooTeer-
CTBEHHO Ha 24, Ha 24 W Ha 396 Takux KycKoB. CT1ano GLITh, H3 1aHHOTD NpAMOYrOALHHKA MOMKHO °
BhipesaTb 24 + 24 + 396 = 444 kyckoe 2 x 11.
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Puec. | ' Puc. 2

I[Tokaxem, yro GoJee yem 444 NPAMOYrofibHbIX KYCKOB 2 X 11 Bhipe3aThb He ynactcs. [Tokpa-
CHM KJIETKH NaHHOA Tab/Hubl B 11 11BETOB Kak NOKAa3aHo Ha pucynxe 2. Jlerko Bugets, yto moboii
NpAMOYroaLHHK 2 x 11 Beeraa HaKPBIBAET POBHO MO Be KNeTKe Kaxaoro useta. [Tostomy knetok
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nepeoro uBera B TaGauie meetcs 48 + 48 + 792 + 1 = 889 (0aHa KJ€TKa NepBOro UBeTa B npsi-
moyroJibHHKe 4 X 8, ocTajibHble — B NPAMOYTroJbHHKAX 66 x 8, 4 x 132 u 66 x 132). Tak kax
Kbl NPAMOYTOAbHMK 2 X 11 10JIXKeH HAaKpbiBaTb POBHO 1O 2 KJETKH NMepBoro UBETa, TO TAKHX

88
NpAMOYroEHHKOB 2 X 11 He mMoxeT ObiTh Goiblle [Tg] = 444.
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